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Abstract
The purpose of this article is to study a surface operator in an SU (2) nonAbelian gauge field theory. We analyse an Abelian projection of the SU (2)
symmetry on the U (1) group by calculating the Witten parameter by the lattice
method. We use multilevel and multi-hit algorithms for the sake of statistical
confidence. We demonstrate that the Witten parameter depends on surface area
and volume in both phases. Therefore the Witten parameter cannot be considered as an order parameter of confinement-deconfinement phase transition.
Keywords: Surface operator; SU (2) gluodynamics; phase transition; lattice;
multilevel scheme.

1

Introduction

A vacuum of quantum chromodynamics (QCD) has two phases: a confinement phase
where quarks are bound, and a deconfinement phase where quarks are free. Free
quarks cannot be observed nowadays. It is possible to see quarks only in bound
states such as baryons and mesons.
In electrodynamics, we can take two charged particles and spread them to infinity.
However, it is not possible in the QCD confinement phase because quarks are bound by
strings. The energy of string tension increases linearly with the distance between the
quarks. It is worth mentioning that so far nobody has managed to derive analytically
the linear potential between quarks based on the gluodynamics Lagrangian, however
the linear potential growth has been clearly demonstrated by supercomputer lattice
simulations. This linear growth of the potential can be observed in the asymptotic
behavior of large Wilson loop expectation values. The confinement phase is defined
through its dependence on the surface area. On the contrary, the deconfinement phase
is marked by a dependence on the perimeter. This means that the surface coefficient
is the order parameter of phase transition. The Wilson loop is a line operator. It is
interesting to learn whether a surface operator can act as an order parameter which
can be used to study the structure of vacuum state.
The QCD confinement is a fundamental property of hadron matter which is responsible for explanation of the spectrum of hadrons. One of possible explanations
of this property is a condensation of magnetic monopoles in vacuum [1] as a dual
superconductor mode. The BCS theory explains superconductivity as a result of
condensation of electric chargers as Cooper pairs. In this case, magnetic field lines
consentrate in a some analogue of a string between monopoles. In a dual superconductor, an analogous effect occurs through the condensation of magnetic charges (also
called magnetic monopoles), and the string connects electrically charged particles.
According to ’t Hooft [2], the monopoles can appear as a result of partial breaking
of the gauge symmetry. In this work, we break the SU (2) symmetry preserving the
U (1) group symmetry.
A surface operator [3] is sensitive to the existence of monopoles. This property
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In non-Abelian pure gauge theories, the expectation values of large surface operators are difficult to compute via numerical simulation because an increase of surface
area results in a very fast decay of the signal-to-noise ratio. We adapt a multilevel
scheme [6] introduced for line operators to work with surface operators when the area
exceeds 1 fm2 .

2

Witten parameter

The vector flux of magnetic field through a closed surface in a trivial vacuum, e. g.,
in electrodynamics, is identical to zero:
I
H · dS ≡ 0.
(1)
In our lattice calculation we use a phase factor eıϕ , therefore the identity (1) acquires
the following form:
H
eıκ H·dS ≡ 1,
(2)
where κ is a dimensional coefficient. In Abelian theories, this identity works in a
simply connected space. If the space topology is non-trivial or the group symmetry is
non-Abelian, the identity (2) does not necessarily works. Hence, in lattice quantum
chromodynamics we have:
P
e

ıκ

Hk ·∆Sk

k

6= 1,

(3)

where Hk is the magnetic field vector on the lattice plaquette with index k, ∆Sk is a
surface area of the plaquette (with the normal vector in the center of the plaquette),
and the integral is calculated over a closed surface made up of lattice plaquettes.
Thus we consider the following value as the Witten parameter:
Y
Wp (S) = Re eıθp ,
(4)
S

where θp is a plaquette angle. Essentially, the plaquette angle is a quantitative measure of the gauge field impact on an external source moving along the contour of a
plaquette. This angle relates to the magnetic field flux through the plaquette surface:
Z
I
κ H · dS = κ A · dl = θp ,
(5)
S

C

where integration over dl is carried out on a path surrounding the surface S.
Let us rewrite the magnetic field flux as
Z
Z
H · dS = Fik dσik ,
S

(6)

S

where Fik is the gauge field tensor, dσik is a surface element (we do not distinguish
upper and lower indices because all calculations are performed in the Euclidean spacetime after Wick rotation), and i, k = 1, 2, 3 are space directions. In this work we
consider a pure gauge field theory with SU (2) group symmetry. Thus θp is related
with Fµν due to the following formula:
Fp = b
1 cos θp + ı ni σi sin θp ,

(7)

where ni is a vector on the unit sphere, σi is the Pauli matrix, Fp is a value of the
gauge field tensor Fµν on the plaquette. Therefore we can define θp as


1
θp = arccos
(8)
T r Fp .
2
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All phases are calculated on the surface of a cube in four-dimensional space-time.
The range of function arccos(x) is [0, π]. The range of angle in the gauge group U (1)
1
is [0, 2π]. Hence the phase on one side of the cube
 is defined as + arccos 2 T r Fp
1
while on the opposite side it is − arccos 2 T r Fp .
The Witten parameter is related not only to the chromomagnetic field but also to
an average plaquette correlation function which is defined as



1
1
C(l) =
1 − T r Fp (x)
1 − T r Fp (x + l)
,
(9)
2
2
x
where Fp = Uij Ujk Ukl Uli and Uij , Ujk , Ukl , Uli are link variables on the plaquette.
The correlation between plaquettes located on the opposite planes of the cube decreases when the surface increases. The phase θp has the same correlation function
which in turn affects the Witten parameter.

3

Witten parameter on lattice

The partition function can be expressed as
Z
Z = (dU ) e−S(U) .

(10)

We use Wilson formalism of lattice theory [7]. The action in the SU (2) theory can be

P
1
written as S(U ) = β
1 − Re T r Fp , where β = 4/g2 and g is the gauge coupling
2
p
constant. We can calculate an observed value of a physical quantity A as
Z
−1
hAi = Z
(dU ) A(U ) e−S(U),
(11)
where A(U ) is a physical quantity calculated on lattice configuration U and the integration is over all configurations with the weight e−S(U) .
Within this approach, we need to generate a set of lattice configurations with
weights e−S(U). This problem is solved with the use of Monte Carlo algorithm [8].
Next we calculate physical observables on these configurations and average them.
To generate configurations, we use the cold start, cyclic boundary conditions and
other parameters shown in Table 1. We use the 99% confidence interval in error
calculations, therefore errors for 50 configurations are calculated as 2.8σ where σ is a
typical dispersion.
We prepare a set of configurations in both phases to study the Witten parameter.
We calculate a Polyakov loop to verify the phase state on configurations. This loop
is defined as
!
1/T
Z
1
A dt ,
(12)
L(T ) = T r exp ıg
2
0

where t is a cyclic variable with period 1/T , T is a temperature on the lattice. The
Polyakov loop is an order parameter of confinement-deconfinement phase transition.

Table 1: Monte Carlo parameters.
Thermalization iterations
Correlation iterations
Configurations

2000
200
50
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Table 2: Lattices used to study the volume dependence.
Phase
Deconfinement
Confinement

Lattice size
4 · 303
414

β
2.55
2.55

L(T )
0.349 ± 0.002
0.0002 ± 0.0006

It is equal to zero in the confinement phase and differs from zero in the deconfinement
phase. The parameters of lattices used in calculations are shown in Table 2. The
Polyakov loop on the lattice is a Wilson line composed of lattice links in the direction of
time completed by periodic boundary conditions. The Polyakov loop on the lattice is
L(x) =

NY
t −1
1
Tr
U0 (t, x),
2
t=0

(13)

where U0 (t, x) is the time direction link.
Within our lattice approach, we select a cube in the 3D subspace (the lattice is
defined in the four-dimensional space-time). The phase is calculated on each plaquette
on the surface of the cube, the result is obtained by summation of these phases. Next
we calculate the Witten parameter at different points in the lattice configuration and
average them. The final result is obtained by averaging over the set of configurations.
We consider the cubes with edge length ranging from 1a to 13a (a is a lattice
scale) and surface area ranging from 6 to 1014 plaquettes, respectively. We use the
multilevel [6] and multi-hit [9] algorithms for the sake of statistical confidence and
the MPI parallelization to speed up the calculations.

3.1

Multilevel scheme

We can fractionize the cube surface into 6 planes. Thus we need to calculate the
phases on these planes. We use a multilevel scheme which includes the following
calculations performed recursively:
1. If the depth of recursion exceeds some parameter depthmax or the current plane
contains only one plaquette, the phase is calculated by the multi-hit algorithm
(see below).
2. The current plane is divided into two pieces by a line perpendicular to the longer
edge of the plane, see Fig. 1.
3. The multilevel algorithm is used recursively for each piece of the plane to calculate the phase on this plane ϕi (i = 1, ..., Nϕ where Nϕ is a predefined number
of phase calculations on the current plane) as a sum of phases on individual
pieces of the plane.
4. When all Nϕ calculations of the phases ϕi on the plane are completed,
we obtain

P
−1
cos ϕi +
the phase ϕ as an average of individual calculations ϕi : ϕ = Arg Nϕ
i

P
ı Nϕ−1 sin ϕi ; otherwise we perform a few Monte Carlo runs to generate new
i

links on the current plane and turn back to the point 3.

To test this scheme, we use a set of recursion depths ranging from 1 to 3 to
calculate the dependence of the Witten parameter on a surface area on some set
of lattice configurations. The multilevel algorithm applied to calculate the surface
operators appears to have very good convergence behavior. The results of calculations
for recursive depth equal to two and three are close. The recursion depth is equal to
three in all calculations presented below.
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Figure 1: The plane is divided into two pieces at each recursion step. 1 shows surfaces
(surrounded by a solid curve) used to calculate phases at the first recursion step, the
phases on surfaces 2 are computed at the second recursion step.

3.2

Multi-hit algorithm

The main idea of the multi-hit algorithm is that the phase on the plaquette is defined
by boundary conditions. We can substitute the phase calculated on the plaquette by
the phase expressed through boundary links. We cannot do it analytically, but we
can use the Monte Carlo algorithm to obtain an accurate enough phase value. We
perform few Monte Carlo runs on the plaquette to generate boundary links and calculate a set of phases on a single plaquette. The phase is finally obtained by averaging
the set of phase factors in the same manner as at the point 4 of the previous subsection.
A combination of these two algorithms makes it possible to improve essentially
an accuracy of calculations of the Witten parameter. However, this results in the
increase of required computer time. To resolve this problem, we employ an MPI
parallelization of calculations.

4

Results

All calculations are performed for 50 lattice configurations at 1000 points on each of
them. The results for both phases are shown in Fig. 2. The surface area dependences
of the Witten parameter in both phases look the same. To understand better the
behavior of the Witten parameter, we fit the obtained dependences as
Wp (S, V ) = e−σS−γV ,

(14)

where σ is a surface coefficient, γ is a volume coefficient, S is a surface area, and V is
the cube volume. The fit is performed by means of the minuit2 library of the ROOT
package [10]. We obtain high-quality fits when non-zero values of parameters σ and
γ are allowed as is seen in Fig. 2. Therefore the Witten parameter depends on both
the cube volume and surface area in each phase.
Regarding the β dependence, the Witten parameter vanishes in the continuum
limit corresponding to the β → ∞ limit: as is seen in Fig. 3, the Witten parameter
decreases with β. Clearly, the vacuum expectation value is suppressed by the ultraviolet divergence of the self-energy which is proportional to the closed surface area.
a→0
This means that there is a divergence of the surface coefficient σ = σ(a) −→ ∞,
where a is the lattice scale. The scale in the continuum limit tends to zero. This
divergence is related to the colored dipole self-energy on the surface. It is analogous

168

V. A. Goy and A. V. Molochkov

1

0.28
0.24

0.8

0.2

0.6
Wp

0.16
0.12
4

0.4

4.4

4.8

5.2

data
surface + volume fit
only surface fit

0.2
0
0

1

2

3

4

S, fm

1

5

6

5

6

2

4*303, β = 2.55
surface + volume fit

0.8
Wp

0.6
0.4
0.2
0
0

1

2

3
S, fm

4
2

Figure 2: Surface area dependences of the Witten parameter in the confinement
(upper panel) and deconfinement (lower panel) phases and comparison of fittings.
The confinement phase calculations (‘data’) were performed with lattice size of 414
and β = 2.55.
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Figure 3: Witten parameter dependences obtained with different β values. Left
panel — confinement phase; right panel — deconfinement phase.
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Figure 4: Dependence of σ on lattice spacing a in both phases.
to the divergence of Wilson lines:
oE
D
n Z ∧

∼ exp −const g 2 L/a ,
T r P exp − Aµ dxµ

(15)

C

where L is the perimeter of the Wilson line C, a is the lattice spacing, g 2 is a coupling
constant, and we keep only the most divergent terms. A description of magnetic
degrees of freedom and surface operators may be found in Ref. [11].
Fig. 4 shows the σ dependence on the scale a. σ diverges in the continuum limit
while the volume coefficient γ does not depend on lattice scale. Due to Eq. (15), the
surface divergence has the following form:
σ(a) = σph + σdiv /a2 ,

(16)

where σph is a physical coefficient and σdiv is a divergence coefficient. The fit results
in σph = (0.091 ± 0.007) fm−2 , or (3.6 ± 0.3) · 103 MeV2 . This approximation is
illustrated in Fig. 4.
It is seen that the Witten parameter depends on a surface area and volume in
both phases. Consequently, the Witten parameter cannot be considered as an order
parameter of the confinement-deconfinement phase transition. This is similar to the
behavior of spatial Wilson loops expectation value which is also unrelated to the phase
transition. It might be interesting for the study of surface operators to calculate the
Witten parameter on the cube with two spatial axis and one temporal axis. In this
case the parameter should be sensitive to the phase transition.
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