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Introduction to  GPDs

• Deep Inelastic Scatterings(DIS): => parton 
distribution functions(PDFs)

• PDFs : probablity of finding partons 
carrying  x fraction of the hadron’s total 
momentum.   => help to understand the 
structure of hadrons.

• PDFs are functions of x only.



• Deeply Virtual Compton Scattering(DVCS)/
Meson productions involve Generalized 
Parton Distributions(GPDs).

• GPDs are functions of  x, \zeta: longitudinal 
momentum fraction transferred(skewness), 
t: total momentum transferred square. 
Contain more info than PDFs.

• GPDs: off-forward matrix elements=>no 
probabilistic interpretation



• Ji sum rule relates the orbital angular 
momentum and the moments of GPDs.

• M. Burkardt showed that GPDs in 
transverse impact parameter space have 
probabilistic interpretation and give info 
about spatial structure. 

• GPDs provide both angular mom. and 
spatial info.

[X. Ji, Phys. Rev. Lett. 78 (1997) 610.]

[ M. Burkardt, Int. J. Mod. Phy. A18 (2003) 127 ]
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= HT (x, ζ, t)ū(P ′)σ+jγ5u(P ) + H̃T (x, ζ, t)ε+jαβū(P ′)
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• DVCS amplitude can be defined by light-
cone time ordered product of currents: 

• In deeply virtual region

γ∗(q) + p(P ) → γ(q′) + p(P ′)
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DVCS in position space

(the position of struck quark shifts in x^-) 
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Handbag diagram for DVCS
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Introduction

Generalized parton distributions (GPDs) contain more informations about the nucleon struc-

ture than ordinary parton distribution functions(PDFs):

PDFs: at a given scale depend only on longitudinal momentum fraction (x) of the parton

GPDs: functions of three variables, x, ζ (skewness) and −t(square of the total momentum

transfer)

GPDs are experimentally accessed through the overlap of deeply virtual Compton scattering

(DVCS) and Bethe-Heitler (BH) , exclusive vector meson production.

Data has been obtained at HERA collider, by the H1and ZEUS collaborations and HERMES

fixed target experiment.

DVCS experiments are also being done at JLAB Hall A and B .

COMPASS at CERN has programs to access GPDs through muon beams.

Experimental observables involve a convolution of GPDs

GPDs
forward limit

→ PDFs

2

Moments over x ⇒ nucleon form factors.

Tthere are many models/parametrizations,

here we will consider a recent one proposed in

S. Ahmad, H. Honkanen, S. Liuti and S. Taneja,

Phys. Rev. D 75, 094003 (2007), Eur. Phys. J. C 63, 407 (2009).

At zero skewness (ζ = 0), Fourier transform (FT) of the GPDs with respect to ∆⊥, gives

impact parameter dependent parton distributions

In S. J. Brodsky, D. Chakrabarti, A. Harindranath, A. Mukherjee and J. P. Vary,

Phys. Lett. B 641, 440 (2006); Phys. Rev. D 75, 014003 (2007)

we introduced a longitudinal impact parameter σ conjugate to the skewness ζ (for DVCS).
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Experimental studies of DVCS/GPDs

• experiments observe the overlap of DVCS 
and Bethe-Heitler processes. BH 
subtracted as background.

• HERA (H1, ZEUS, HARMES): DVCS 
experiments with wide range of energy.

• JLAB, Hall A and Hall B.

• COMPASS at CERN



Lightcone wavefunction formalism for 
DVCS/GPDs

• GPDs : nonperturbative quantities...lattice/
model dependent calculations.

• DVCS/GPDs can be evaluated from Fock 
state representation of incoming and 
outgoing proton.

• Lightcone wavefunctions encode all the 
bound state quark/gluon properties of 
hadrons.

• Lightcone boosts are kinematical=> frame 
independent amplitudes. 



AdS/QCD

• Light front holographic mapping of string 
modes in AdS on the QCD excitations on 
the boundary.

•                                    but QCD is not a 
conformal theory

• Hard wall model: put a boundary on the 
AdS space where the wavefunctions vanish.

• In soft wall model, a confining potential is 
introduced in the AdS space.                   
=> LFWF for the hadrons
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∆αPβ

M2
u(P )

+ET (x, ξ, t)ε+jαβū(P ′)
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PRL 96, 201601(2006)



• AdS action in soft wall model:

• where                    is the inverse veilbein.     

• V(z)  is the confining potential(linear 
confinement )

• In d=4 dimensions:

by [11], though it gives only the semiclassical approximation of QCD, so far this method has

been successfully applied to describe meson and baryon mass spectrum, form factors etc. For

ADS/QCD, we will follow the model proposed by Brodsky and Téramond [12, 13]. Abidin

and Carlson [14] proposed a beautiful prescription to extract GPDs from the form factors in

AdS/QCD. Vega et al[15] have done GPD calculations using the hard and soft wall models in

AdS/QCD. In this work, we will provide the results for GPDs using the LFWFs obtained from

the holographic QCD.

Baryon wavefunctions from AdS/QCD

In this section we briefly review the derivation of the baryon wavefunctions in AdS/QCD

following Brodsky and Teramond [12, 13]. We know that the AdS/CFT correspondence relates

a gravitationally interacting theory in anti de Sitter space AdSd+1with a conformal gauge theory

in d-dimensions residing at the boundary. Since QCD is not a conformal theory, one needs to

break the conformal invariance of the above duality to generate a bound state spectrum and

to relate with QCD. There are two models in the literature to do so. One is the hard wall

model in which the conformal symmetry is broken by introducing a boundary at z0 ∼ 1/ΛQCD

in the AdS direction where the wavefunction is made to vanish. While in soft wall model, the

conformal invariance is broken by introducing a confining potential in the action of a Dirac

field propagating in AdSd+1 space. We will consider the soft model in this paper. The relevant
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• With          and                             the light 
front wave equations can be written as 

• Solution:

• with 

− d

dζ
ψ− −

ν + 1/2

ζ
ψ− + U(ζ)ψ− = Mψ+ (4)

where ν is related with the orbital angular momentum by ν = L + 1 and U(ζ) = (R/ζ)V (ζ)

is the effective confining potential in the light front Dirac equation and ζ is the light front

transverse variable giving the separation of quark and gluonic constituents in the baryon. with

z → ζ, and substituting Ψ(x, ζ) = e−iP ·xζ2ψ(ζ)u(P ) in Eq.(2) and identifying | µR |= ν + 1/2
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put in by hand in the soft wall model. The solutions of the above equations are
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GPDs from AdS/QCD

• GPDs in AdS/QCD can be derived from 
nucleon form factors:

• The Dirac form factors :

• Pauli form factors:

Here x is the fraction of the light cone momentum carried by the active quark and the GPDs

for valence quark q are defined as Hq
v (x, t) = Hq(x, 0, t) + Hq(−x, 0, t); Eq

v(x, t) = Eq(x, 0, t) +

Eq(−x, 0, t).

In the ADS/QCD model, the Dirac form factors for the nucleons are given by [13]

F p
1 (Q2) = R4

∫
dz

z4
V (Q2, z)ψ2

+(z) (10)

F n
1 (Q2) = −1

3
R4

∫
dz

z4
V (q2, z)(ψ2

+(z)− ψ2
−(z)) (11)

and the Pauli form factors

F p/n
2 (Q2) ∼

∫
dz

z3
ψ+(z)V (Q2, z)ψ−(z), (12)

with the normalization conditions F p/n
1 (0) = ep/n, electric charge of the nucleon and F p/n

2 (0) =

χp/n where χp/n is the anomalous magnetic moment of the proton/neutron. The bulk-to-

boundary propagator for soft wall model is given by

V (Q2, z) = Γ(1 +
Q2

4κ2
)U(

Q2

4κ2
, 0, κ2z2) (13)

where U(a, b, z) is the Tricomi confluent hypergeometric function given by

Γ(a)U(a, b, z) =

∫ ∞

0

e−zxxa−1(1 + x)b−a−1dx (14)

The above propagator can be written in a simple integral form [13, 16]

V (Q2, z) = κ2z2

∫ 1

0

dx

(1− x)2
xQ2/(4κ2)e−κ2z2x/(1−x) (15)

The twist-3 nucleon wavefunctions in the soft wall model are obtained as

ψ+(z) =

√
2κ2

R2
z7/2e−κ2z2/2 (16)

ψ−(z) =
κ3

R2
z9/2e−κ2z2/2 (17)

We use the integral form of the bulk-to-boundary propagator in the formulas for the form

factors in AdS space to extract the GPDs using the formulas in Eq. (9).

In the Fig.1 (a) and (b) we have shown the GPD H(x, t) as functions of x for different −t

values for u and d quark. Except the fact that it falls off faster as x increases for d quark, the
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• The bulk to boundary propagator for the 
soft wall model can be written in a simple 
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GPDs for u quark

GPD H(x,t) GPD E(x,t)
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FIG. 1: (Color online) Plots of (a) Hu(x, t) vs x for fixed values of −t (b) same as in (a) but for d

quark.
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FIG. 2: (Color online) Plots of (a) Eu(x, t) vs x for fixed values of −t (b) −Ed(x, t) vs x for fixed

values of −t.
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GPDs for d-quark

GPD H(x,t) GPD E(x,t)
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GPDs in impact parameter space

• Fourier transform w r t the transverse 
momentum transfer => GPDs in transverse 
position space.

• The relative distance         betn the quark 
and the spectator gives the size of the 
system.

with the experimental values of κu and κd.

Although Hu and Hd are similar in behaviour in both sets of parametrization, the main

difference is in the behaviour of Eu and Ed (see Fig. 9 of [13]) at the input scale. Eu is a slowly

increasing function of x for set I, and for set II, it increases rapidly as x approaches zero. Ed has

a peak at larger value of x for set II. It was found that the difference between the sets decreases

if one evolves the GPDs to higher values of Q2 (scale). The GPDs Hu and Hd differ from the

parametrizations in [10] and [12] at larger values of | t |. Eu and Ed agrees quantitatively with

the above references for smaller values of | t |. But for larger values they differ in the qualitative

behaviour. Again, even at Q2 = 4 GeV2, there is significant difference between set I and set

II. Hu and Hd agrees with lattice calculations of [23] at t = −0.3 GeV2, but the qualitative

behaviour is different and even is outside the error band of lattice calculations for higher values

of | t |.

Parton distributions in impact parameter space

Parton distribution in impact parameter space q(x, b) is defined as [18]:

q(x, b) =
1

4π2

∫
d2∆e−i∆⊥·b⊥H(x, t)

e(x, b) =
1

4π2

∫
d2∆e−i∆⊥·b⊥E(x, t). (12)

These functions have the physical interpretation of measuring the probability to find a quark

of longitudinal momentum fraction x at a transverse position b⊥ in the nucleon. Here b =| b⊥ |

is the impact parameter which is the transverse distance between the struck parton and the

center of momentum of the hadron. b is defined such a way that
∑

i xibi = 0 where the sum

is over the number of partons. The relative distance b
1−x between the struck parton and the

spectator system provides an estimate of the size of the system as a whole.

In Fig. 1-2 we have plotted q(x, b) and e(x, b), both for u and d quarks and for set I.

The values of the parameters used are from [13]. For small and medium x, ed(x, b) is larger

in magnitude than eu(x, b). The peak shifts to higher x as b decreases. This means that

the d quark dominates in the proton helicity flip distribution. However, u quark contribution

dominates in the helicity non-flip q(x, b). ed is negative whereas eu is positive, similar to the

model in [10]. However, in the model we study, ed(x, b) is comparable with or even larger in

6
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mom. fraction x at a transverse position 
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b

1− x

Q2 = −q2 →∞ t = ∆2

Q2

2P · q
= ζ

M IJ(q⊥, ∆⊥, ζ) = εI
µε

∗J
ν Mµν = −e2 1

2P̄+

∫ 1

ζ−1

dx

tIJ(x, ζ)Ū(P ′)
[
H(x, ζ, t)γ+ + E(x, ζ, t)iσ+i(−∆i)/(2M)

]
U(P )

F+
λ′λ =

∫
dy−

8π
e

i
2xP̄+y−〈P ′λ′ | ψ̄(−y−

2
)γ+ψ(

y−

2
) | Pλ〉

=
1

2P̄+
Ūλ′(P

′)
[
H(x, ξ, t)γ+ + E(x, ξ, t)

i

2M
σ+α∆α

]
Uλ(P ) + ..... (1)

F+g
λ′λ =

1

8πxP̄+

∫
dy−e

i
2 P̄+y−x〈P ′λ′ | F+α(−y−

2
)F+

α(
y−

2
) | Pλ〉

=
1

2P̄+
Ūλ′(P

′)
[
Hg(x, ξ, t)γ+ + Eg(x, ξ, t)

i

2M
σ+α∆α

]
Uλ(P ) + ..... (2)

F+
++ = F+

−− =
√

1− ξ2H(x, ξ, t)− ξ2

√
1− ξ2

E(x, ξ, t). (3)

F+
+− = F+

−+ =
−∆1 + i∆2

2M
√

1− ξ2
E(x, ξ, t). (4)

A+ = A0 + A3 = 0

| P, λ〉 = φ1b
†(P, λ) | 0〉

+
∑

σ1,λ2

∫
dk+

1 d2k⊥1√
2(2π)3k+

1

∫
dk+

2 d2k⊥2√
2(2π)3k+

2

√
2(2π)3P+δ3(P − k1 − k2)

φ2(P, λ | k1, σ1; k2, λ2)b
†(k1, σ1)a

†(k2, λ2) | 0〉. (5)

γ∗(q) + p(P ) → γ(q′) + p(P ′)
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Impact parameter dependent GPDs 

H(x,b) for u quark

(a)
0 0.2 0.4 0.6 0.8 1

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

x

H
u
(x

,b
)

 

 

b=0.2 fm

b=0.5 fm

b=0.9 fm

(b)

(c) (d)

FIG. 3: (Color online) Plots of (a) Hu(x, b) vs x for fixed values of impact parameter b =| b⊥ | (b)

Hu(x, b) vs b for fixed x; (c) and (d) are same as in (a) and (b) but for d quark.
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FIG. 3: (Color online) Plots of (a) Hu(x, b) vs x for fixed values of impact parameter b =| b⊥ | (b)

Hu(x, b) vs b for fixed x; (c) and (d) are same as in (a) and (b) but for d quark.
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GPD E(x,b) for u-quark
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FIG. 4: (Color online) Plots of (a) Eu(x, b) vs x for fixed values of b =| b⊥ |. (b) −Ed(x, b) vsx for

fixed values of b =| b⊥ | for d quark.
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model for proton GPDs

• We consider here the phenomenological 
model for proton GPDs proposed by[S. 
Ahmad et al., Phys. rev. D 75, 094003(2007); Eur, 
Phys, J. C63, 407(2009)]

• model: spectator model+Regge term(for 
low x behavior)

•

Parametrization of the GPDs

We consider the parametrizationfor the GPDs :

Set I

HI(x, t) = GλI

MI
x
(x, t) x−αI−βI

1 (1−x)pI
1 t (1)

EI(x, t) = κ GλI

MI
x
(x, t) x−αI−βI

2 (1−x)pI
2 t (2)

Set II

HII(x, t) = GλII

MII
x

(x, t) x−αII−βII
1 (1−x)pII

1 t (3)

EII(x, t) = G
eλII

fMII
x

(x, t) x−eαII−βII
2 (1−x)pII

2 t (4)

All parameters except for p1 and p2 are flavor dependent. The function G has the same form

for both parametrizations, I and II:

Gλ
Mx

(x, t) = N x

1− x

∫
d2k⊥

φ(k2, λ)

D(x,k⊥)

φ(k′ 2, λ)

D(x,k⊥ + (1− x)∆⊥)
, (5)

where

D(x,k⊥) ≡ k2 −m2, (6)

k2 = xM2 − x

1− x
M2

x −
k2
⊥

1− x
(7)

k′ 2 = xM2 − x

1− x
M2

x −
(k⊥ − (1− x)∆)2

1− x
, (8)

and

φ(k2, λ) =
k2 −m2

|k2 − λ2|2 , (9)
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• parameters are fixed by fitting proton 
electric and magnetic form factors.

• additional constrains:  for zero skewness:

• For nonzero skewness, GPDs have to 
satisfy the polynomiality condition.

• Two different set of parameters satisfy the 
fits (Set-I, Set-II)

and

φ(k2, λ) =
k2 −m2

|k2 − λ2|2 , (9)

Here ζ, the skewness variable is taken to be zero, in other words, momentum transfer is in

the transverse direction. t is the invariant momentum transfer squared, t = −∆2, and x is the

fraction of the light cone momentum carried by the active quark, k being its momentum. The

mass parameters are m, the struck quark mass, and M , the proton mass. The normalization

factor includes the nucleon-quark-diquark coupling, and it is set to N = 1 GeV6.

The u and d quark contributions to the anomalous magnetic moments are:

κ ≡ κq =





κd = −2.03, for q = d

κu/2 = 1.67/2, for q = u
. (10)

The parameters are listed in [13] for both the sets. The parameters M q
x , λq and αq, q = u, d,

obtained at an initial scale Q2
0 (Q2

0 = 0.094 GeV2), and they are the same for both Sets I and

II, in Set I they are by definition the same for the functions H and E (see Eqs. (1,2)).

The parameters β1, β2, p1 and p2, in Set I, and all parameters defining E in Set II (Eq. (4)),

were fitted to the nucleon electric and magnetic form factors, with the values of M q
x , λq, and

αq fixed.

The above phenomenologically motivated parametrization of the GPDs H(x, t) and E(x, t)

at zero skewness ζ was done using a spectator model calculation at the low input scale. The

spectator model has been used for its simplicity and for the fact that it is flexible enough

to predict the main features of a number of distribution and fragmentation functions in the

intermediate and large x region. The spectator mass is chosen to be different for different quark

flavor GPDs. However, similar to the case of pdfs, the spectator model is not able to reproduce

quantitatively the small x behaviour of the GPDs. So a ‘Regge-type’ term has been considered

multiplying the spectator model function Gλ
Mx

. The parameters were obtained by fitting the

form factors and forward pdfs. Two versions of the parametrizations were used and are given

by set I and set II. The GPD E is unconstrained by the data on forward pdfs, so in set II an

additional normalization condition has been imposed
∫ 1

0

dxEq(x, t = 0) = κq (11)

5
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 Zero skewness
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FIG. 1: Plots of (a) qu(x, b) vs b =| b⊥ | for fixed values of x, (b) qu(x, b) vs x for fixed values of b, (c)

same as in (a) but for qd, (d) same as in (b) but for qd. Parameters are as in set I. b is in GeV−1.

11

[DC, R. Manohar,  A. Mukherjee, Phy. lett. 
B682,428(2010)]



H(x,b) for d-quark
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same as in (a) but for qd, (d) same as in (b) but for qd. Parameters are as in set I. b is in GeV−1.
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d-quark is smaller than u-quark => 
 u-quark contribution dominates helicity 

nonflip distribution.



E(x,b) for u-quark
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FIG. 2: Plots of (a) eu(x, b) vs b =| b⊥ | for fixed values of x, (b) eu(x, b) vs x for fixed values of b, (c)

same as in (a) but for ed, (d) same as in (b) but for ed. Parameters are as in set I. b is in GeV−1.
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E(x,b) for d-quark
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FIG. 2: Plots of (a) eu(x, b) vs b =| b⊥ | for fixed values of x, (b) eu(x, b) vs x for fixed values of b, (c)

same as in (a) but for ed, (d) same as in (b) but for ed. Parameters are as in set I. b is in GeV−1.
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For small and medium b, d-quark is larger 
than u-quark.=> d-quark dominates proton 

helicity flip distribution.



• FT of H(x,t) for a transversely polarised 
proton is given by

• E(x,t) causes a transverse shift( for state 
polarized in x-dirn, the shift is in y-dirn) 

magnitude than qd(x, b), unlike in [10], where it is much smaller at the input scale. In [12],

2−D distributions in the bx − by plane are plotted. The smearing of the quark distributions in

the transverse impact parameter plane decreases as x increases, which means that the parton

distributions are more localized for higher values of x. Similar behaviour is observed in the

model of [10]. As x approaches 1, the transverse width of q(x, b) should vanish [18]. In this

limit q(x, b) should have a very peaked transverse profile, as H(x, t) is independent of t when

x → 1 as the active quark carries all the proton momentum no matter what t is. However,

from Fig. 1 we see that as x → 1, the peak of the distribution decreases.

q(x, b) both for u and d quarks in set II are the same as in set I. In Figs. 3, we have plotted

e(x, b) for u and d quarks where the parameters are as in set II. e(x, b) has a different behaviour

compared to set I. The peak of eu is shifted to very small value of x and eu(x, b) decreases

sharply as x increases. That means at larger x, d quark dominates in e(x, b).

The Fourier transform of the GPD E(x, t) plays an important role when instead of an

unpolarized target we have a transversely polarized target. In other words, it has a probability

interpretation in the transversity basis rather than the helicity basis. For a state polarized in

the x direction, parton distribution in the impact parameter space becomes [18]

qX(x, b) = q(x, b) −
1

2M

∂e(x, b)

∂by

(13)

This means that the GPD E(x, t) causes a transverse shift of the quark distribution in a

transversely polarized target. For a state polarized in x direction the shift is in the y direction

and so on. The magnitude of the shift is given by 1
2M

| ∂e(x,b)
∂by

|. The average displacement of

the shift is given by

〈by〉qX =

∫

d2bbyqX(x, b)
∫

d2bqX(x, b)
=

1

2M

Eq(x, 0)

Hq(x, 0)
. (14)

The distance between the struck quark and the spectator system is given by

sq(x) =
< by >q

X

1 − x
(15)

For d quarks, sq(x) is larger in magnitude than u [12]. The transverse shift depends on the set

of parameters used in the model considered here [13].
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E(x,b) for d-quark
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Summary and Conclusions

• GPDs are studied from AdS/QCD and also 
in a phenomenological model for proton.

• In ADS/QCD, the GPDs are extracted from 
the  nucleon form factors.

• Impact parameter dependent GPDs are 
studied and compared for the two models.

• Overall behaviors of the GPDs in impact 
parameter space are similar in both cases. 

• For small b, in both models, H(x,b) is larger 
for u-quark and E(x,b) larger for d-quark.
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