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Abstract
The shapes of neutron-rich exotic Ni isotopes are studied in terms of largescale shell model calculations performed by advanced Monte Carlo Shell Model
(MCSM) for the pf -g9/2 -d5/2 model space. Experimental energy levels are reproduced well by a single fixed Hamiltonian based on A3DA. Intrinsic shapes
are analyzed for MCSM eigenstates including fluctuations. Intriguing interplays
among spherical, oblate, prolate and γ-unstable shapes are seen including shape
fluctuations, E(5)-like situation, the magicity of doubly-magic 56,68,78 Ni, and
the coexistence of spherical and strongly deformed shapes.
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1

James and us

It is a great pleasure for me to give this talk in the conference celebrating the 70th
birthday of James P. Vary. James has given great supports not only to the development of Monte Carlo Shell Model by our group but also to computational nuclear
physics activities in Japan. We are very much grateful to his eﬀorts, enthusiasm and
actual collaborations. In fact, the nuclear structure theory group in the University of
Tokyo (Tokyo group) has enjoyed many collaborations with James and his colleagues
in Ames. We visited Ames many times, while James and Pieter Maris visited Japan
also many times. Figure 1 shows several of Japanese members with colleagues in
Ames at one of such occasions on the 28th of February, 2010.

2

Introduction

The Monte Carlo Shell Model has been explained to a good detail by Abe with coauthors in this proceedings [1]. We then skip the description of the method, and
discuss what have been and can be obtained. We further restrict ourselves to calculations for heavier nuclei such as Ni isotopes. The size of the calculation is quite huge,
though. We start with the motivations of such studies.
Proceedings of International Conference ‘Nuclear Theory in the Supercomputing
Era — 2013’ (NTSE-2013), Ames, IA, USA, May 13–17, 2013. Eds. A. M. Shirokov
and A. I. Mazur. Pacific National University, Khabarovsk, Russia, 2014, p. 286.
http://www.ntse-2013.khb.ru/Proc/Otsuka.pdf.
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Figure 1: Photo taken in front of the Department of Physics, the Iowa State University
on the 28th of February, 2010.
Atomic nuclei exhibit simple and robust regularities in their structure comprised
of Z protons and N neutrons. A very early example is the (spherical) magic numbers
conceived by Mayer and Jensen [2]. These magic numbers dominate low-energy dynamics of stable nuclei and their neighbors on the Segré chart. Another basic feature
is nuclear shape, which has been one of the central issues of nuclear physics since
Rainwater [3] and Bohr and Mottelson [4]. The shape varies as Z or N changes in
such a way that it tends to be spherical near magic numbers, while becomes more
deformed towards the middle of the shell. Thus, Z and N , in connection to the magic
numbers, are known to be key variables in determining the shape of stable nuclei. Rare
isotope beam technology developed since [5] has made experiments on exotic nuclei
feasible, casting challenges to the pictures mentioned above. Even magic numbers
are not exception: the changes of the shell structure due to nuclear forces, referred
to as shell evolution [6], have been seen including disappearance of traditional magic
numbers and appearance of new ones. A recent example is the discovery of N = 34
magic number [7] after its prediction a decade ago [8], while many other cases have
been discussed [6, 9–11].
It is then of much interest to explore shapes of exotic nuclei and to look for
relations to the shell evolution. In this talk, we report results of state-of-the-art
large-scale shell model calculations for a wide range of Ni isotopes, focusing on these
points. While the ground state turns out to be spherical basically, a strongly prolate
deformed band appears at low excitation energy in some nuclei, similarly to shape
coexistence known as a distinct phenomenon over decades [12–14]. The formation of
this band is discussed in relation to reduced shell gaps brought about by the protonneutron tensor force in major conﬁgurations (of single-particle orbits) of deformed
states. (We introduced, after the conference, a new type of shell evolution due to
conﬁguration changes within the same nucleus, calling it Type II shell evolution. The
shell evolution by the change of N or Z [6] is then referred to as Type I.) We shall
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discuss other interesting features, e. g., magicity of doubly-magic 56,68,78 Ni, shape
ﬂuctuations including γ instability, and E(5)-like case [15].
We discuss, in this talk, the structure of Ni isotopes with even N = 28−50,
utilizing results obtained by the advanced Monte Carlo Shell Model (MCSM) calculation [16–18] run on K computer for ∼2 × 1010 core seconds in total. The model
space consists of the full pf shell, 0g9/2 and 1d5/2 orbits for both protons and neutrons. There is no truncation within this space as an advantage of MCSM. The
Hamiltonian is based on the A3DA Hamiltonian with minor revisions [16, 19]. The
spurious center-of-mass motion is removed by the Lawson method [20].

3

Results for Ni isotopes

Figure 2 shows yrast and yrare levels by the present calculation compared to experiment [21]. Systematic behaviors are visible in experimental yrast levels as well
+
as J π = 0+
2 and 22 yrare levels, with a remarkable agreement to the theoretical trends.
Such good agreement has been obtained with a single ﬁxed Hamiltonian, and sug+
gests that the structure of Ni isotopes can be studied with it. The B(E2; 0+
1 → 21 )
values with neutron and proton eﬀective charges, 0.5 and 1.5, respectively, are shown
in Fig. 2 compared to experiment [23] with certain discrepancies for heavier isotopes,

Figure 2: Energy levels for (a) yrast and (b) yrare states of Ni isotopes with even N .
Symbols are experimental data for J π =0+ (black triangle), 2+ (open red square), 4+
(green ﬁlled square), 6+ (open blue circle) and 8+ (ﬁlled purple circle) [21, 22]. Lines
+
are present MCSM calculations with the same color code. (c) B(E2; 0+
1 → 21 ) values
by experiment [23] and by the present calculation.
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Figure 3: Energy levels of
(right panel) [21].

68
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Ni by present calculation (left panel) and by experiment

where uncertainties are larger and (p, p′ ) data is converted (N = 46) [24, 25]. A more
systematic comparison with precise data is desired. Relevant shell model calculations
have been reported [26,27]. In particular, those of [26] are remarkable achievement of
large-scale conventional shell-model approach, with good agreement to experiment.
Many experimental data are, however, to be obtained, and it is not the purpose of
this work to compare diﬀerent calculations. The primary objective here is to predict
novel systematic change of band structures in 68−78 Ni isotopes.
We show, in Fig. 3, a more detailed level scheme for 68 Ni, including negativeparity states. This nucleus has attracted much attention [22, 27–34] from theoretical
and experimental sides. The positive-parity levels are classiﬁed according to their
shape categories: spherical, oblate and prolate. We shall come to this point later.
The correspondence between theoretical and experimental levels can be made with
rather good agreement. Note that this is the ﬁrst report of calculated levels beyond 2+
and those of negative-parity.

4

Intrinsic shapes and wave functions

Figure 4 depicts, for selected states of 68,70,74,78 Ni isotopes, potential energy surface
(PES) for the present Hamiltonian obtained by the Constraint Hartree–Fock (CHF)
method with usual constraints on quadrupole moments Q0 and Q2 . We can see many
features: for instance, for 68 Ni, there is a spherical minimum stretched towards modest
oblate region, as well as a prolate local minimum.
The MCSM wave function is expressed by a superposition of Slater determinants
with the angular-momentum and parity projector P [J π ],
X
ci P [J π ] Φi .
(1)
Ψ=
i

Here, ci denotes an amplitude, Φi stands for the Slater determinant consisting of
(i)
(i)
(i)
one-nucleon wave functions φ1 , φ2 , ... , φn with
X (i)
(i)
φk =
Dk,l ul ,
(2)
l

where ul is the l-th single-particle state in the original model space in m-scheme,
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Figure 4: Potential energy surfaces (PES) of Ni isotopes, coordinated by usual Q0
and Q2 (or γ). The energy relative to the minimum is shown by contour plots. Circles
on the PES represent shapes of MCSM basis vectors (see the text).

and D implies amplitude determined by MCSM process. Φi is the product of proton
and neutron sectors, with n being the number of valence protons or neutrons.
For each Φi , we take the following process. We calculate its quadrupole moment
matrix, and diagonalize. Three axes are obtained with Q0 and Q2 values. We then
place a circle on the PES at the point corresponding to these Q0 and Q2 values.
The size (i. e. area) of the circle is set to be proportional to the overlap probability
between Ψ and the normalized P [J π ] Φi . Thus, the location of the circle implies the
intrinsic shape of Φi , and its size the importance of it in the eigenstate, Ψ. Note
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that the states P [J π ] Φi (i = 1, 2, ...) are not orthogonal each other in general, but
the distribution pattern of the circles provides unique and clear message on intrinsic
shape of the shell-model eigenstate as we shall see.
Figure 4(a) shows such circles for the ground state of 68 Ni. We see many large
circles near the spherical point, Q0 = Q2 = 0. In general, there can be many points
close to one another partly because each circle represents a Slater determinant and
a two-body interaction, particularly its pairing components, mixes diﬀerent Slater
determinants. Those Slater determinants should have similar shapes so that the
mixing between them can occur. We see also notable spreading of circle distribution
from the spherical point. This implies the extent of the shape ﬂuctuation. The 0+
2
state in Fig. 4(b) shows similar spreading but the locations are shifted to moderately
oblate region (β2 ∼ −0.2). Although there is no clear potential barrier between the
spherical and oblate regions of the PES, the antisymmetrization pushes the 0+
2 state
away from the 0+
1 state. Figure 4(c) exhibits many circles in a profound prolate
minimum with Q0 ∼200 fm2 (β2 ∼ 0.4). We emphasize that we can analyze, in this
way, the intrinsic shape even for 0+ states without referring to E2 properties.
Figures 4(d, e) show the same plots for the 2+
1,2 states, while Figs. 4(f, g) the same
+
+
plots for the 4+
states.
The
2
and
4
states
exhibit
patterns almost identical to that
1,2
1
1
+
of the 02 state, which suggests the formation of the modestly-oblate band. We would
like to emphasize that the present analysis is very useful to identify the band structure
buried in many-body calculations. Such striking similarity is found also among the 0+
3,
+
2+
2 and 42 states with a strong-prolate-band assignment. We mention that a band
similar to this prolate band has been pointed out by a shell-model calculation in [33].
The band structure is thus clariﬁed, with further veriﬁcation by E2 matrix elements,
and is presented in Fig. 3 including 4+ and 6+ members.
+
The prolate band being discussed comes down to the 0+
2 and 22 states as N in+
creases from 40 to 42 or 44 [see Figs. 4(h, k)]. Observed 22 level of 70 Ni is as low
as 2 MeV, which is reproduced well by the present calculation as shown in Fig. 2(b),
whereas this level has not been reproduced by calculations with limited conﬁgurations [35, 36]. In addition, Fig. 2(a) depicts the 2+
1 levels in good agreement to experiment, while strong ﬂuctuation is seen towards oblate shape in Figs. 4(h, k). This
work is the ﬁrst report from theory for this low-lying 2+
2 state.
In moving to 74 Ni, Figs. 4(l, m) exhibit another interesting pattern. The distribution of the circles becomes wide in both magnitude and γ direction, i. e., triaxiality.
A similar distribution is obtained also for the 2+
2 states, and the situation is the same
for 76 Ni. It is of interest that this resembles the critical point symmetry E(5) [15].
Finally, we come to 78 Ni. This is supposed to be a doubly closed shell nucleus.
+
Figures 4(n, o) show the PES and wave function distribution for the 0+
1 and 21 states.
The PES goes up rapidly, but to be surprising, the wave functions are spread on the
+
bottom fully, in a almost identical ways between the 0+
1 and 21 states, which clearly
diﬀers from what we can expect from a closed shell. The distribution is much wider
than that of 68 Ni. It is of much interest that comparing to 56 Ni and 78 Ni, 68 Ni is the
closest to the doubly closed picture among the three doubly magic isotopes of Ni.

5

Summary

In summary, the advanced MCSM calculations present intriguing variations of shapes
analyzed in terms of intrinsic shapes. Thus, the shapes of exotic nuclei provide us with
many new features. In stable nuclei, the shape has been often discussed as functions
of N and Z, for instance, shape evolution from vibrational to rotational nuclei as N
increases. Such simple classiﬁcation may no longer be appropriate in exotic nuclei.
The role of large-scale shell-model calculations is quite signiﬁcant, and will become
even more important in future.
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