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Purpose

Purpose:

Description of quantum system continuum

Quasi-Sturmian functions in the continuum spectrum problems — Maxim Aleshin 3/34



PNU lab of Theoretical Physics QS functions Example

Purpose
Purpose:
Description of quantum system continuum
Approaches

e Expansion on the basis of square integrable functions
(J-matrix, CCC)

e Expansion on the generalized Sturmian functions
(Sturmias approach)
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The problem formulation

Problem to be solved:

Two-body problem
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The problem formulation

Problem to be solved:

Two-body problem

Tasks:

e Construction of the basis functions with appropriate
asymptotic behavior

e The basis set application to solving the scattering problem

e Efficiency of the numerical scheme based upon the
expansion on basis set
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The problem formulation

Let us consider the motion of a particle of mass x in a potential

AV
o

V(r)

+ U(r), (1)

)

The scattering wave function \U?— satisfies the Schrodinger

equation
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J-matrix Approach

Operator U is replaced by:

N-1
O 0= > [m7t)(me Ulnt){n?
m,n=0

In the case of charged particles

1n,0) = oA, r) = Npye ™ (20r) L2 (2)r),
|n,€> = ¢ne(A,r)/r

n!

Nyj= 4] —
! (n+20+1)!
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J-matrix Approach

Potential separable expansion method

Lippman-Schwinger equation

(W) = Jwe) — GOV, (5)

where:

W — regular Coulomb solution,

GY*) — the Green's function operator kernel
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J-matrix Approach

Discrete Lippman-Schwinger equation

a=3S8-GUa, (6)
where:
ar e = (mIu®)
S Spelk) = (nL|Vf)
U: Unn = (m,£|0|n,0) ")
G: Gl = (mUle D).

Quasi-Sturmian functions in the continuum spectrum problems — Maxim Aleshin



PNU lab of Theoretical Physics QS functions Example

J-matrix Approach

o0

Snelk) = (0 VE) = [ drionOAnVEW, @
0

Gf;(,f)(k;A)://drdr’igbm,eu, NG (k; r, r’)%%m, v,
0 0

(9)

e 24 -+
Grin) (ki ) = 5= Sn (KIS, (K), (10)
S,C — linear independent J-matrix solutions
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J-matrix Approach

from (6) follows:

a=[+GU'S (11)
In this case:
N-1
Wy = W) = 37 6,6/ |7, (12)
n=0

where ¢, — components of the vector ¢ = Ua.
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J-matrix Approach

Improving the convergence

Smoothing factors

N 1- exp{ [a(n—N)/N]? }

Tn T T 1en(—a?) (13)
a6
Replacement:
Unyn = Oy Um0} (14)
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Sturmian functions method

Problem is formulated in form of the inhomogeneous
Schrédinger equation

Wave function is expressed as the sum

W(k,r)=WE(k, r)+ WD (k,r) (15)
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Sturmian functions method

Problem is formulated in form of the inhomogeneous
Schrédinger equation

Wave function is expressed as the sum
W(k,r)=WE(k, r)+ WD (k,r) (15)

(15) — (2): Driven Equation

1 (d> ((+1)\ Z42 )
|:—2M (dr2_ r2 > + . +U(r)—E \USC (k,r) (16)
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Sturmian functions method

solution of (16)
V() = e SiP(r) (17)

S,SJZ) — basis Sturmian functions

In the case of charged particles the basis is generated by equation

1 [(d?> ((+1 VAPA
{— <dr2_ s )>—E} Sy (1) = =B =220 ().

2u r
(18)
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Representation of scattering wafefunction

We suggest:

Z cne QS(r) (19)
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Representation of scattering wafefunction

We suggest:
Z cne QS(r) (19)

Quasi-Sturmian functions

Qf,;)(r) = GY«

are satisfy the inhomogeneous equation:

[_1<d2 €(€+1)> L An

dr? r2

n£) (20)

QD) = Loni(r) (21)
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Quasi-Sturmians

Integral representation

Let us use the integral representation of Green's functions:

(£) _ {41 —Ar 2:“
Qnyf (r) _an (2)\/’) € ()\ ; Ik)

1
% /dZ @ila(l _ wiIZ)é:Fia(]. — 7 — wﬁ:lz)n (22)
0

—Z — wFlz
x exp (z [\ £ ik] r) 121 <(1(1 = )Z(l_ A7) ) 2)\r>

(Variable change: v = tanh (%) and farther z = {1=%)

1—wu
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Quasi-Sturmians

Expansion

From (22) it follows the expansion in powers of r:

(4).09), (¢

x (20) integrating over r:

QN =" GmelA. )G (k: N). (23)
m=0
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Asyptotic behavior

Inserting Green's function represintation (32) into defenition of
Quasi-Sturmians (20) and taking limit r — oo we find

Q(i)(r) ~ Anee:l:i(kr—aln(2kr)_%‘f+gé)

nt
An,ﬁ = %Smé(k)a
e
where o, = % — Coulomb phase.
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s—wave scattering, Yukawa potential

Input data

s-wave scattering of a particle of mass ;1 = 1, momentum
k =1, Coulomb potential Z;Z, =1 and Yukawa potential

U(r)=b—, a=13b=1. (25)
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s—wave scattering, Yukawa potential

Input data

s-wave scattering of a particle of mass ;1 = 1, momentum
k =1, Coulomb potential Z;Z, =1 and Yukawa potential

U(r)=b—, a=13b=1. (25)

Matrix elements of potential (25):

o0

Unn = / dr bm o\ YU(F)bm e\, 7). (26)

0
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Asyptotic behavior for Yukawa potential

2L | U=exp(-1.3nIr

n=0 V=1

Figure: The real parts of the first six QS functions for the Coulomb
potential V¢ = 1

re
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Discrete Drive Equation

equation for the coefficients of wavefunction expansion

N +Ulc=d. (27)

d: dn = ] drémo(\ UMV,
0 (28)
U Unn = [ dromo(0,0) V) QLI (0)

from QSF expansion (23) follows:

mn—ZUmn/G,,,n (k; \), (29)
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s—wave scattering, Yukawa potential

*)
Re¥ —N=1
se —N=2
- ——N=5
------ N=10
0,05 |
0,00 : : : : : : :
2 4 6 8 10[f 12 14\ r
20,05 -
0,10 L

Figure: Convergence for the real part of the scattering wave as N
increases.

Quasi-Sturmian functions in the continuum spectrum problems — Maxim Aleshin



PNU lab of Theoretical Physics Approaches review QS functions

Amplitude

partial-wave Coulomb-modified scattering amplitude

1

N
: 20
/ 28y § S
Q 2Ik(e ¢ ]') dn mf(k). (30)
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| J-matrix method

Figure: Convergence of the phase shift as the number N increases
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| J-matrix method with smoothing

Figure: Convergence of the phase shift as the number N increases
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| QS-functions method

Figure: Convergence of the phase shift as the number N increases
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| Comparing of approaches for N = 10

1 2 3 4 5 6 k
0 — 717
5
N=10
- —— J-mampuya

(%[ J-mampuya (cenasxcennas)
8-_10 B —— QOS-ghynryuu
S | Tounast

15

-20 +

Figure: Comparing of the phase shift as the number N increases
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Comparing of approaches

J-matrix approach

e Analytic form of Coulomb Green's function

e Phase shift oscillation

Sturmias approach

e No phase shift oscillation

e generation of the basis poses a problem as difficult as the
original scattering problem
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Conclusion

Quasi-Sturmians
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Conclusion

Quasi-Sturmians

e Basis set obtained, which can effectively solve the problem of
the two-particle scattering in the representation of square
integrable functions
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Conclusion

Quasi-Sturmians

e Basis set obtained, which can effectively solve the problem of
the two-particle scattering in the representation of square
integrable functions

e QS function can be represented in the form of well-known
special functions
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Thanks for attention!
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Coulomb solution

1 ar T4+ 1+
\IJEC(/(, r) :5(2kr)€+1 o Ta/2 elkr‘ ((2;+—’]j)l|a)| -
x1F1(0+ 1+ ic; 20 + 2; —2ikr).
Here:
o= Aizz — Sommerfeld parameter;

E= g — energy.
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The Green's function operator

wl(l+1+ia)
ik (20+1)] (32)
X Micios1/2(Fikr< )Waiae1/2(Fikrs).

G'Bk;r. )y =7

M, W — Whittaker functions
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The Green's function operator integral representation

Using the integral representation for the Whittaker functions
product:

Gé(i)(k; r, r/) ZZMW/ dy eiik(r+r/)cosh(y)
0 (33)

X [coth (%)Tﬂia byi1 ($2ik\/ﬁsinh(y)> .
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Sin-like & Cos-like J-matrix solutions

1 e T+ 1+ ia)]
— 2 +1 —7a/2 ic
X(—w)”2F1 ( _n7§2_+12+ 1o ;1_w—2> ’
C(i)(k) _ n! eﬂa/2wia r(g +14+ ia)
nt Npe (2sinQ)f |F(€+ 1+ ia)| (35)

% (—W):t(n+1) —E:tloz,n—l-l 'wi2
Fn+/+2+ia)> "\ n+l+2+ia’ ’

where )
ic Atk 2)\k

ok ST

w=e
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Quasi-Sturmian expansion in powers of r

() 1, - r[Ailk])
Qi (1) = Nog (220 A]F,k ;J

4 g (N (2Ar)9
. L 0(_1) <q> (21 +1+ q)!

g . [(m+p+1)I({+1+ia+q)
o {Z(l)p ( ‘7)(1 +wﬂ:1)p
p

Fre+m+p+qg+2=+ia)

—{—qgqxiac,m+p+1 4
X2F1(£+m+p+q+2:|:ia e '

(36)

Quasi-Sturmian functions in the continuum spectrum problems — Maxim Aleshin



	Approaches review
	QS functions
	Example
	Apps

