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Basis	
  Func1ons	
  in	
  Ab	
  ini&o	
  Shell	
  Model	
  

•  Traditionally  basis  function  approach  has  been  
widely  used  in  ab	
  ini&o	
  shell	
  model    


!| ​#⟩=%| ​#⟩	
  
•  By	
  choosing	
  a	
  basis,	
  one	
  casts	
  the	
  quantum	
  many-­‐
body	
  problem	
  into	
  the	
  eigenvalue	
  problem	
  of	
  the	
  
Hamiltonian	
  matrix	
  

•  Eigenvalues	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  mass	
  spectrum	
  
•  Eigenvectors	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  wavefunc1ons	
  
•  See	
  Many	
  Fermion	
  Dynamics	
  –	
  nuclear	
  physics	
  
(MFDn)	
  for	
  a	
  well-­‐established	
  implementa1on	
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P. Maris, M. Sosonkina, J.P. Vary, E.G. Ng and C. Yang, ICCS 2010,  
Procedia Computer Science 1, 97(2010). 



Mo1va1on	
  for	
  Time-­‐dependent	
  Extension	
  

•  Technological	
  advances	
  in	
  supercompu1ng	
  make	
  
solving	
  1me-­‐dependent	
  Schrödinger	
  equa1on	
  
within	
  reach	
  
– Moore’s	
  law	
  
–  It’s	
  1me	
  to	
  development	
  approach	
  for	
  the	
  future	
  

•  Higher	
  precision	
  results	
  from	
  more	
  differen1al	
  
measurements	
  available	
  due	
  to	
  progress	
  in	
  
experimental	
  nuclear	
  physics	
  

•  More	
  in-­‐detail	
  and	
  more	
  precise	
  nonperturba1ve	
  
study	
  of	
  the	
  dynamics	
  in	
  nuclear	
  sca9ering	
  is	
  
needed,	
  esp.	
  for	
  strong/1me-­‐dependent	
  fields	
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•  In	
  the	
  lab-­‐frame:	
  

•  Physical	
  mo1va1on:	
  study	
  EoS	
  of	
  nuclear	
  ma9er,	
  esp.	
  symmetry	
  
energy	
  term	
  

•  Rela1ve	
  momentum	
  between	
  n	
  and	
  p	
  in	
  the	
  final	
  state	
  is	
  affected	
  
by	
  the	
  symmetry	
  energy	
  term	
  in	
  the	
  target	
  nuclear	
  poten1al	
  

•  Quantum	
  Molecular	
  Dynamics	
  (QMD)	
  simula1on	
  results	
  available	
  
•  Experimentally	
  measurable	
  (at	
  RIKEN)	
  

Example:	
  d+124Sn	
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d	
  

124Sn	
  

p

n	
  

[Ou	
  Li	
  et	
  al,	
  PRL	
  115,	
  212501	
  (2015)]	
  



n	
  

In	
  Deuteron	
  Center-­‐of-­‐Mass	
  Frame	
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d	
   124Sn	
  

p	
  
124Sn	
  

•  The	
  target	
  approaches	
  the	
  projec1le	
  and	
  the	
  classical	
  background	
  field	
  is	
  1me-­‐dependent	
  
•  Trajectory	
  is	
  es1mated	
  by	
  QMD	
  calcula1on	
  
•  Background	
  poten1al	
  is	
  obtained	
  by	
  Skyrme	
  energy	
  density	
  func1onal	
  approach	
  
	
  

[Ou	
  Li	
  et	
  al,	
  PRL	
  115,	
  212501	
  (2015)]	
  



Time-­‐dependent	
  Basis	
  Func1on	
  

•  Natural	
  extension	
  of	
  ab	
  ini&o	
  method	
  to	
  1me-­‐dependent	
  
regime	
  

•  Handle	
  background	
  fields	
  explicitly	
  depending	
  on	
  1me	
  
•  Amplitude	
  level	
  -­‐>	
  quantum	
  interference	
  effects	
  
•  Non-­‐perturba1ve	
  -­‐>	
  strong	
  field	
  physics	
  
•  “Snapshots”	
  of	
  the	
  system	
  under	
  inves1ga1on	
  
•  Take	
  the	
  advantage	
  of	
  high-­‐performance	
  

supercompu1ng	
  	
   7	
  

	
  	
  	
  Ab	
  ini&o	
  Shell	
  Model	
   Time-­‐dependent	
  Basis	
  Func1on	
  

!| ​#⟩=%| ​#⟩	
  
&​'/') | ​#())⟩=!())| ​#())⟩	
  



tBF	
  vs	
  tBLFQ	
  

•  tBF:	
  	
  time-­‐dependent	
  Basis	
  Func1on	
  
–  For	
  low-­‐energy	
  quantum	
  mechanics	
  

•  tBLFQ:	
  time-­‐dependent	
  Basis	
  Light-­‐front	
  Quan1za1on	
  
–  For	
  rela1vis1c	
  quantum	
  field	
  theory	
  

	
  
	
  
	
  
•  tBLFQ	
  uses	
  the	
  Hamiltonian	
  of	
  quantum	
  field	
  theory	
  
–  Rela1vity	
  is	
  naturally	
  built-­‐in	
  

•  tBLFQ	
  basis	
  consists	
  of	
  mul1ple	
  Fock	
  sectors	
  such	
  as	
  

	
   8	
  

tBF	
   tBLFQ	
  

i !
!x+

" (x+ ) = 1
2
P# " (x+ )

&​'/') | ​#())⟩=!())| ​#())⟩	
  

​| ​-↓/ ⟩                  =0​|-⟩            +1​|-2⟩          +c​|-22⟩              +'​|--​- ⟩+.	
  .	
  .	
  .	
  

[Zhao,	
  	
  Ilderton,	
  Maris,	
  Vary,	
  PRD	
  88,	
  035205	
  (2013)]	
  



Applica1on	
  to	
  Strong	
  QED:	
  	
  
Nonlinear	
  Compton	
  Sca9ering	
  

•  	
  	
  
•  	
  1020	
  photons	
  in	
  a	
  laser:	
  model	
  as	
  background	
  field	
  

•  Perturba1on	
  theory:	
  
•  	
  	
  
	
  
•  At	
  high	
  intensity:	
  
	
  	
  	
  	
  	
  non-­‐perturba1ve	
  	
  
	
  	
  	
  	
  	
  treatment	
  needed	
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  e+ n! (laser)" e '+ ! '

! !Klein-Nishina " !A2

pµ

p′µ kµ

Aµ(x)

+

pµ

p′µ kµ

Aµ(x)

+

pµ

p′µ kµ

Aµ(x)

+…



•  Space-­‐1me	
  structure	
  

	
  

•  Two	
  effects:	
  accelera1on	
  and	
  radia1on	
  
	
  

Setup	
  for	
  Nonlinear	
  Compton	
  Sca9ering	
  

x!

10	
  

[Zhao,	
  	
  Ilderton,	
  Maris,	
  Vary,	
  PRD	
  88,	
  035205	
  (2013)]	
  



Advantages	
  

•  “Snapshots”	
  of	
  the	
  nucleon	
  systems,	
  revealing	
  
nuclear	
  dynamics	
  in	
  real	
  1me	
  

•  Quantum	
  interference	
  is	
  kept	
  during	
  1me-­‐evolu1on	
  
•  Study	
  nucleon	
  systems	
  in	
  strong/1me-­‐dependent	
  
background	
  field	
  

•  Nonperturba1ve	
  effects	
  
•  Close	
  connec1on	
  to	
  light-­‐front	
  quantum	
  field	
  theory	
  
-­‐>	
  systema1cally	
  expandable	
  to	
  quantum	
  field	
  
theory	
  treatment	
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Time-­‐dependent	
  Basis	
  Func1on	
  Approach	
  

•  BLFQ:	
  	
  for	
  quantum	
  field	
  eigenspectrum	
  
•  tBLFQ:	
  for	
  quantum	
  field	
  evolu1on	
  

	
  
•  Real-­‐1me	
  framework:	
  BLFQ	
  	
  	
  	
  	
  	
  	
  	
  tBLFQ	
  
•  tBLFQ	
  is	
  designed	
  for:	
  	
  
– 1me-­‐dependence	
  in	
  dynamical	
  processes	
  
–  in	
  strong/1me-­‐dependent	
  background	
  field	
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BLFQ	
  

P! ! = P!
! !

tBLFQ	
  

i !
!x+

" (x+ ) = 1
2
P# " (x+ )



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

(constructed	
  out	
  of	
  QED	
  eigenstates)	
  and	
  obtain	
  S-­‐
matrix	
  element	
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3= ​  ↓4 ⟨67) |8exp(−&∫−∞↑∞▒​?↓4  )​​|&@⟩↓4 	
  



Test	
  Case:	
  Deuteron	
  Dissocia1on	
  in	
  Coulomb	
  Field	
  

14	
  

The	
  Coulomb	
  field	
  is	
  due	
  to	
  a	
  passing-­‐by	
  heavy-­‐ion	
  with	
  constant	
  velocity	
  ​A 	
  
Approxima1on:	
  we	
  neglect	
  the	
  center-­‐of-­‐mass	
  mo1on	
  of	
  the	
  deuteron	
  ​B ;	
  we	
  are	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  interested	
  in	
  the	
  rela1ve	
  mo1on	
  between	
  p	
  and	
  n	
  only	
  ​C .	
  



Coordinate	
  System	
  

15	
  
+	
  



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

and	
  obtain	
  S-­‐matrix	
  element	
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3= ​  ↓4 ⟨67) |8exp(−&∫−∞↑∞▒​?↓4  )​​|&@⟩↓4 	
  



Hamiltonian	
  

17	
  

HFull:	
  total	
  Hamiltonian	
  
H0:	
  (1me-­‐independent)	
  Hamiltonian	
  for	
  deuteron	
  
Vint:	
  (1me-­‐dependent)	
  interac1on	
  between	
  the	
  heavy-­‐ion	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  deuteron	
  	
  
KE:	
  we	
  keep	
  the	
  kine1c	
  energy	
  of	
  rela1ve	
  mo1on	
  only	
  
VQCD:	
  nucleon-­‐nucleon	
  interac1on	
  



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

and	
  obtain	
  S-­‐matrix	
  element	
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3= ​  ↓4 ⟨67) |8exp(−&∫−∞↑∞▒​?↓4  )​​|&@⟩↓4 	
  



Neutron-­‐Proton	
  Sta1onary	
  States	
  

•  In	
  interac1on	
  picture,	
  1me	
  evolu1on	
  is	
  
computed	
  in	
  the	
  basis	
  formed	
  by	
  the	
  eigenstates	
  
of	
  H0	
  

•  The	
  background	
  field	
  Vint	
  induces	
  transi1ons	
  
among	
  the	
  “tower”	
  of	
  eigenstates	
  of	
  H0	
  

•  We	
  need	
  to	
  solve	
  the	
  eigenvalue	
  problem	
  of	
  H0	
  
and	
  get	
  a	
  “tower”	
  of	
  eigenstates	
  

•  We	
  take	
  VQCD	
  to	
  be	
  JISP16	
  NN	
  interac1on	
  
19	
  

​!↓0 | ​#⟩=%| ​#⟩	
  

[A.	
  M.	
  Shirokov	
  et	
  al,	
  PLB	
  644,	
  33	
  (2007)]	
  



Deuteron	
  and	
  Its	
  Excita1on	
  Spectrum	
  
•  As	
  test	
  problem,	
  we	
  retain	
  3	
  channels：	
  
•  Deuteron	
  has	
  one	
  bound	
  state	
  –	
  ground	
  state,	
  all	
  the	
  
excited	
  states	
  are	
  sca9ering	
  states	
  in	
  con1nuum;	
  we	
  
regulate	
  the	
  sca9ering	
  states	
  by	
  puung	
  the	
  
deuteron	
  system	
  in	
  a	
  HO	
  trap	
  with	
  D=5MeV	
  

•  Obtained	
  level	
  system：	
  

20	
  

Radial	
  Behavior	
  of	
  States	
  

Nmax	
  =60,	
  b=5MeV	
  



Background	
  Field	
  
•  We	
  neglect	
  magne1c	
  interac1on	
  and	
  keep	
  only	
  electric	
  
interac1on	
  

	
  
•  We	
  perform	
  mul1pole	
  expansion	
  on	
  Coulomb	
  field	
  

21	
  

​​B ↓E ())= ​1 + ​A )	
  is	
  the	
  loca1on	
  of	
  the	
  source	
  	
  

Same	
  1me-­‐dependence	
  for	
  same	
  F	
  



E1	
  Transi1ons	
  
•  Since	
   ​​B ↓E ≫G,	
  we	
  consider	
  E1	
  transi1ons	
  
only	
  

	
  
•  E1	
  transi1ons	
  shiw	
  F	
  by	
  ±1	
  and	
  change	
  parity	
  
•  Since	
  we	
  include	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  channels,	
  the	
  transi1on	
  pa9ern:	
  

•  In	
  interac1on	
  picture:	
  
22	
  

​?↓4 ())=exp(&​!↓0 )) ​?↓&@) ())exp(−&​!↓0 ))	
  



E1	
  Transi1on	
  Matrix	
  Elements	
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​|&⟩=	
  

​I ⁠​?↓4 ()=0)⁠& 	
   =	
  



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

and	
  obtain	
  S-­‐matrix	
  element	
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3= ​  ↓4 ⟨67) |8exp(−&∫−∞↑∞▒​?↓4  )​​|&@⟩↓4 	
  



Choosing	
  Ini1al	
  State	
  

•  Ini1al	
  state	
  can	
  be	
  chosen	
  according	
  to	
  
experimental	
  setup	
  

•  Our	
  choice:	
  

•  At	
  RIKEN,	
  polarized	
  deuteron	
  beams	
  are	
  available	
  
25	
  



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

and	
  obtain	
  S-­‐matrix	
  element	
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3= ​  ↓4 ⟨67) |8exp(−&∫−∞↑∞▒​?↓4  )​​|&@⟩↓4 	
  



Solve	
  Time-­‐dependent	
  Schrödinger	
  Equa1on	
  

•  Time-­‐dependent	
  Schrödinger	
  equa1on	
  in	
  
interac1on	
  picture	
  

•  Formal	
  solu1on:	
  

27	
  

&​'/') ​| ​#())⟩↓4 = ​?↓4 ())​| ​#())⟩↓4 	
  

​| ​#())⟩↓4 =8exp(−&∫−∞↑∞▒​?↓4  )​| ​#(−∞)⟩
↓4 	
  



Euler	
  vs	
  MSD	
  Method	
  

28	
  

Euler:	
  

Mul1-­‐step	
  differencing	
  (MSD):	
  

We	
  employ	
  MSD2	
  for	
  be9er	
  numerical	
  stability	
  compared	
  to	
  Euler	
  
method,	
  since	
  MSD	
  is	
  accurate	
  up	
  to	
  ​​(?↓4 J))↑2 	
  while	
  Euler	
  is	
  up	
  to	
  ​​
(?↓4 J))↑1 	
  
Higher	
  order	
  MSDs	
  such	
  as	
  MSD4	
  or	
  MSD6	
  are	
  available	
  



General	
  Procedure	
  for	
  tBF	
  
1.  Write	
  down	
  the	
  Hamiltonian	
  
2.  Adopt	
  the	
  interac1on	
  picture	
  	
  
3.  Prepare	
  the	
  ini1al	
  (‘in’)	
  state	
  
4.  Evolve	
  the	
  ini1al	
  state	
  un1l	
  the	
  background	
  field	
  

subsides	
  
5.  Project	
  the	
  sca9ering	
  final	
  state	
  onto	
  ‘out’	
  states	
  

and	
  obtain	
  S-­‐matrix	
  element	
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First-­‐Order	
  Perturba1on	
  Theory	
  

30	
  

First-­‐order	
  perturba1on	
  theory:	
  



Parameters	
  Used	
  in	
  Numerical	
  Calcula1on	
  

A=0.1K	
  

(Sn)	
  



2T=	
  5	
  MeV-­‐1;	
  
Mj	
  =	
  0	
  Ini1al	
  State;	
  
7	
  states	
  Evolu1on	
  

•  Fluctua1ons	
  are	
  signatures	
  of	
  quantum	
  virtual	
  processes	
  
•  Long-­‐term	
  fully	
  quantal	
  treatment	
  vs.	
  classical	
  treatment	
  reveals	
  net	
  quantum	
  

effects	
  (work	
  in	
  progress)	
  
•  Feeding	
  to	
  states	
  forbidden	
  by	
  first-­‐order	
  perturba1on	
  theory	
  



2T=	
  10	
  MeV-­‐1	
  
Mj	
  =	
  0	
  Ini1al	
  State;	
  
7	
  states	
  evolu1on	
  

•  Transi1on	
  rates	
  diminish	
  when	
  the	
  heavy	
  ion	
  is	
  far	
  way	
  



2T=	
  10	
  MeV-­‐1	
  
Mj	
  =	
  -­‐1	
  Ini1al	
  State;	
  
7	
  states	
  evolu1on	
  



2T=	
  10	
  MeV-­‐1	
  
Mj	
  =	
  +1	
  Ini1al	
  State;	
  
7	
  states	
  Evolu1on	
  



2T=	
  10	
  MeV-­‐1	
  
x+	
  Polariza&on;	
  

7	
  states	
  Evolu1on	
  



2T=	
  10	
  MeV-­‐1	
  
x	
  -­‐-­‐	
  Polariza&on;	
  
7	
  states	
  Evolu1on	
  



Dependence	
  on	
  Coupling	
  Constant	
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  As	
  Z	
  increases,	
  transi1ons	
  deviate	
  from	
  first-­‐order	
  perturba1on	
  theory	
  



Ini1al	
  State	
  Prepara1on	
  

A.  Channels	
  Following	
  E1	
  Selec&on	
  Rule.	
  
B.  Part	
  of	
  the	
  Channels	
  shown	
  as	
  Examples.	
  

51	
  Level-­‐System	
  Evolu1on	
  (In	
  the	
  5MeV	
  HO	
  trap)	
  



 
Tracking the SAME 7 states 
 
1.  (3S1,3D1) channel 
2.  3P0 channel 
3.  3P1 channel 

A=0.1K	
  



51 states evolution; 
 
Evolution of lowest levels in 
Extra 
 
1.  (3P2, 3F2) channel, 
2.  3D2 channel 

Comment:	
  
As	
  the	
  expansion	
  of	
  level	
  system,	
  
devia1on	
  between	
  MSD2	
  scheme	
  
and	
  perturba1on	
  manifest.	
  



Conclusion	
  
•  Time-­‐dependent	
  Basis	
  Func1on	
  (tBF)	
  is	
  mo1vated	
  by	
  
progresses	
  both	
  in	
  experimental	
  nuclear	
  physics	
  and	
  
in	
  supercompu1ng	
  techniques	
  

•  tBF	
  is	
  an	
  nonperturba1ve	
  ab	
  ini&o	
  method	
  for	
  1me-­‐
dependent	
  problems	
  

•  tBF	
  is	
  par1cularly	
  suitable	
  for	
  strong-­‐field	
  problems	
  
•  tBF	
  operates	
  on	
  the	
  level	
  of	
  amplitude	
  
•  tBF	
  will	
  hopefully	
  provide	
  further	
  insights	
  into	
  
fundamental	
  ques1ons	
  in	
  a	
  more	
  detailed	
  and	
  more	
  
differen1al	
  manner	
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Outlook	
  
•  Observables:	
  phase-­‐space	
  distribu1ons,	
  differen1al	
  
cross	
  sec1ons	
  

•  Perform	
  calcula1on	
  in	
  larger	
  basis	
  space	
  and	
  study	
  
convergence	
  with	
  respect	
  to	
  states	
  in	
  con1nuum	
  

•  Compare	
  with	
  classical	
  treatments	
  
•  Study	
  the	
  effects	
  of	
  E0,	
  M1,	
  E2,	
  M2…	
  transi1ons	
  
•  Study	
  the	
  sensi1vity	
  with	
  respect	
  to	
  different	
  NN	
  
interac1ons,	
  such	
  as	
  Daejeon16	
  	
  

•  Include	
  strong	
  force	
  in	
  the	
  background	
  field	
  
•  More	
  realis1c	
  center-­‐of-­‐mass	
  mo1on	
  
–  Trajectory	
  from	
  QMD	
  
– Direct	
  computa1on	
  of	
  cm	
  mo1on	
  (in	
  future)	
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[A.	
  M.	
  Shirokov	
  et	
  al,	
  PLB	
  761,	
  81	
  (2016)]	
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Ab	
  ini1o	
  Shell	
  Model	
  vs	
  BLFQ	
  
•  Hamiltonian	
  formalism	
  
•  Low-­‐energy	
  Nuclear	
  Physics	
  
•  Quantum	
  mechanics	
  
•  Nucleon	
  degrees	
  of	
  freedom	
  
•  Nonrela1vis1c	
  system	
  
•  Par1cle	
  number	
  is	
  conserved	
  

•  Renormaliza1on	
  is	
  tractable	
  

•  Galilean	
  boost	
  invariant	
  
•  Effec1ve	
  Hamiltonian:	
  

complicated	
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•  Hamiltonian	
  formalism	
  
•  Hadron	
  Physics	
  
•  Quantum	
  field	
  theory	
  
•  Parton	
  degrees	
  of	
  freedom	
  
•  Rela1vis1c	
  system	
  
•  Par1cle	
  number	
  is	
  not	
  

conserved:	
  mul1-­‐Fock	
  sectors	
  
•  Renormaliza1on	
  is	
  difficult:	
  

divergences	
  beset	
  
•  Lorentz	
  boost	
  invariant	
  
•  Gauge	
  theory:	
  gauge	
  symmetry	
  
•  Fundamental	
  Hamiltonian	
  



	
  
	
  

	
  
	
  
	
  

	
  	
  

Light-­‐front	
  vs	
  Equal-­‐1me	
  Quan1za1on	
  

i !
!x+

"(x+ ) = 1
2
P# "(x+ )i !

!t
"(t) = H "(t)

2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a
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[Dirac	
  1949]	
  
equal-­‐1me	
  dynamics	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vs	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  v	
  	
  	
  	
  light-­‐front	
  dynamics	
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H = P0 P! = P0 ! P3

t ! x0 t ! x+ = x0 + x3

Kinema1c	
  Generators:	
  	
  	
  	
  	
  ​L , ​M 	
   Kinema1c	
  Generators:	
  ​L↑⊥ , ​L↑+ , ​%↑⊥ , ​
N↑3 , ​M↑3 	
  



Common	
  Variables	
  in	
  Light-­‐front	
  
Dynamics	
  

•  Light-­‐front	
  1me	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Light-­‐front	
  Hamiltonian	
  	
  
•  Longitudinal	
  coordinate	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Longitudinal	
  momentum	
  
•  Transverse	
  coordinate	
  
•  Transverse	
  momentum	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Equal-­‐1me	
  dispersion	
  rela1on	
  
•  Light-­‐front	
  dispersion	
  rela1on	
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x+ = x0 + x3

x! = x1,2

x! = x0 ! x3
P! = P0 ! P3

P! = P1,2

P+ = P0 + P3

P0 = m2 +
!
P2

P! = m
2 + P"

2

P+



Basis	
  Light-­‐front	
  Quan1za1on	
  
•  Solve	
  quantum	
  field	
  theory	
  through	
  
	
  	
  	
  	
  	
  	
  eigenvalue	
  problem	
  of	
  light-­‐front	
  Hamiltonian	
  
	
  

-  ​L↑− 	
  :	
  light-­‐front	
  Hamiltonian	
  
-  |​P⟩ 	
  :	
  light-­‐front	
  amplitude	
  for	
  mass	
  eigenstates	
  
-  ​L↓P↑− 	
  :	
  eigenvalue	
  (light-­‐front	
  energy)	
  for	
  eigenstate	
  	
  

•  	
  Evaluate	
  observables	
  for	
  eigenstate	
  	
  

48	
  

P! " = P"
! "

!

!

O ! " Ô "



Example:	
  Obtain	
  LF	
  QED	
  Hamiltonian	
  

•  QED	
  Lagrangian	
  
•  Derived	
  Light-­‐front	
  Hamiltonian	
  	
  

49	
  

14

dition to intense laser physics, we will also apply tBLFQ
to relativistic heavy-ion physics, specifically the study of
particle production in the strong (color)-electromagnetic
fields of two colliding nuclei. Ultimately, the goal is to
use tBLFQ to address strong scattering problems with
hadrons in the initial and/or final states. As super-
computing technology continues to evolve, we envision
that tBLFQ will become a powerful tool for exploring
QCD dynamics.
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Appendix A: The light-front QED Hamiltonian

In this section we follow the derivation of the Hamil-
tonian in [18], but with an additional background field.
The Lagrangian is

L = −1

4
FµνF

µν + Ψ̄(iγµDµ −me)Ψ , (A1)

in which Dµ ≡ ∂µ + ieCµ and Cµ = Aµ +Aµ is the sum
of the background and quantum gauge fields respectively.
Note that Fµν is calculated from Aµ alone, i.e. there is
no kinetic term for the background, which is fixed. The
equations of motion for the fields are

∂µF
µν = eΨ̄γνΨ =: ejν , (A2)

which defines the current jν , and
�
iγµDµ −me

�
Ψ = 0 . (A3)

The background field appears in the equations of motion
for the fermion, but not for the gauge field. We now
analyze these equations in light-front coordinates (x± =
x0 ± x3, and x± = 2x∓). We work in light-front gauge,
so that A+ = A+ = 0. The ν = + component of (A2)
does not contain time derivatives, and can be written

1

2
A− =

∂⊥A⊥

∂+
− e

j+

(∂+)2
. (A4)

This is a constraint equation which relates the (non-
dynamical) field A− to the transverse components A⊥

and the fermion current. Similarly, if we multiply (A3)
by γ+ on the left, we find a constraint equation for the
fermion field. Defining first the orthogonal field compo-
nents

Ψ− ≡ 1
4γ

+γ−Ψ , Ψ+ ≡ 1
4γ

−γ+Ψ , (A5)

the constraint equation may be written

Ψ− =
1

2i∂+

�
me − iγ⊥D⊥

�
γ+Ψ+ , (A6)

Hence, the field Ψ− is non-dynamical and can be ex-
pressed in terms of the dynamical field Ψ+. We now turn
to the construction of the Hamiltonian. The conjugate
momenta are

∂L
∂∂+Ψ

= iΨ̄γ+ ,
∂L

∂∂+Aµ
= Fµ+ (A7)

and the Hamiltonian P− = 2P+ is then

P− =

�
d2x⊥dx− Fµ+∂+Aµ + iΨ̄γ+∂+Ψ− L

=

�
d2x⊥dx− Fµ+∂+Aµ +

1

4
FµνFµν + iΨ̄γ+∂+Ψ ,

(A8)

in which the first line is the standard Legendre transfor-
mation, and in the second line we have used the equations
of motion. It is convenient to add a total derivative to
the Hamiltonian [18], the term −∂µ(Fµ+A+), and again
use the equations of motion to write

P− =

�
d2x⊥dx− 1

4
FµνFµν − Fµ+Fµ+

+ iΨ̄γ+D+Ψ+ eΨ̄γ+A+Ψ .
(A9)

In order to complete the transition to the Hamiltonian
picture we need to eliminate the light-front time deriva-
tives of the fields in favour of the fields themselves, and
their momenta. The gauge field terms are simplest. Let
i, j be transverse indices and define

{Ã+, Ã−, Ãj} := {0, 2∂
jAj

∂+
, Aj} . (A10)

The first line of (A9) then becomes

1

4
F ijFij −

1

2
F+−F+−

=
1

2
Ãj(i∂⊥)2Ãj +

e2

2
j+ 1

(i∂+)2
j+ + ej+Ã+ ,

(A11)

using the constraint (A4). The field Ãµ is that which
survives the limit e → 0, and is therefore referred to as a
‘free field’. Turning now to the spinor terms in (A9), we
have

iΨ̄γ+D+Ψ = 2iΨ†
+D+Ψ+ , (A12)

and the spinor equations of motion (A3) then give

2iD+Ψ+ =
1

2
[me − iγ⊥D⊥]γ−Ψ−

=
1

2
[me − iγ⊥D⊥]

γ−

2i∂+
[me − iγ⊥D⊥]γ+Ψ+

= [me − iγ⊥D⊥]
1

i∂+
[me + iγ⊥D⊥]Ψ+ .

(A13)

The first line follows from γ−Ψ+ ≡ 0, in the second line
we used (A6) and in the third line we commuted γ− to
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A− =
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− e

j+
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This is a constraint equation which relates the (non-
dynamical) field A− to the transverse components A⊥

and the fermion current. Similarly, if we multiply (A3)
by γ+ on the left, we find a constraint equation for the
fermion field. Defining first the orthogonal field compo-
nents

Ψ− ≡ 1
4γ

+γ−Ψ , Ψ+ ≡ 1
4γ

−γ+Ψ , (A5)

the constraint equation may be written

Ψ− =
1

2i∂+

�
me − iγ⊥D⊥

�
γ+Ψ+ , (A6)

Hence, the field Ψ− is non-dynamical and can be ex-
pressed in terms of the dynamical field Ψ+. We now turn
to the construction of the Hamiltonian. The conjugate
momenta are

∂L
∂∂+Ψ

= iΨ̄γ+ ,
∂L

∂∂+Aµ
= Fµ+ (A7)

and the Hamiltonian P− = 2P+ is then

P− =

�
d2x⊥dx− Fµ+∂+Aµ + iΨ̄γ+∂+Ψ− L

=

�
d2x⊥dx− Fµ+∂+Aµ +

1

4
FµνFµν + iΨ̄γ+∂+Ψ ,

(A8)

in which the first line is the standard Legendre transfor-
mation, and in the second line we have used the equations
of motion. It is convenient to add a total derivative to
the Hamiltonian [18], the term −∂µ(Fµ+A+), and again
use the equations of motion to write

P− =

�
d2x⊥dx− 1

4
FµνFµν − Fµ+Fµ+

+ iΨ̄γ+D+Ψ+ eΨ̄γ+A+Ψ .
(A9)

In order to complete the transition to the Hamiltonian
picture we need to eliminate the light-front time deriva-
tives of the fields in favour of the fields themselves, and
their momenta. The gauge field terms are simplest. Let
i, j be transverse indices and define

{Ã+, Ã−, Ãj} := {0, 2∂
jAj

∂+
, Aj} . (A10)

The first line of (A9) then becomes

1

4
F ijFij −

1

2
F+−F+−

=
1

2
Ãj(i∂⊥)2Ãj +

e2

2
j+ 1

(i∂+)2
j+ + ej+Ã+ ,

(A11)

using the constraint (A4). The field Ãµ is that which
survives the limit e → 0, and is therefore referred to as a
‘free field’. Turning now to the spinor terms in (A9), we
have

iΨ̄γ+D+Ψ = 2iΨ†
+D+Ψ+ , (A12)

and the spinor equations of motion (A3) then give

2iD+Ψ+ =
1

2
[me − iγ⊥D⊥]γ−Ψ−

=
1

2
[me − iγ⊥D⊥]

γ−

2i∂+
[me − iγ⊥D⊥]γ+Ψ+

= [me − iγ⊥D⊥]
1

i∂+
[me + iγ⊥D⊥]Ψ+ .

(A13)

The first line follows from γ−Ψ+ ≡ 0, in the second line
we used (A6) and in the third line we commuted γ− to
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the right. In analogy to Ã, we now introduce Ψ̃, defined
by

Ψ̃+ = Ψ+ , Ψ̃− =
1

2i∂+

�
me − iγ⊥∂⊥

�
γ+Ψ̃+ . (A14)

Again, this is the field which survives the e → 0 limit.
Our final task is to insert (A14) into (A13) and rewrite
this in terms of only the ‘tilde’ variables. First, the C-free
terms of of (A12) are:

Ψ†
+[me−iγ⊥∂⊥]

1

i∂+
[me+iγ⊥∂⊥]Ψ+ =

1

2
¯̃Ψγ+m

2
e + (i∂⊥)2

i∂+
Ψ̃ .

(A15)

Next, we have terms in (A12) which are linear in C.
These are

Ψ†
+[eγ

⊥C⊥]
1

i∂+
[me + iγ⊥∂⊥]Ψ+

+Ψ†
+[me − iγ⊥∂⊥]

1

i∂+
[−eγ⊥C⊥]Ψ+

=
1

2
Ψ̃†

+[eγ
⊥C⊥]γ−Ψ̃− +

1

2
Ψ̃†

−γ
+[−eγ⊥C⊥]Ψ̃+

= ej̃⊥C⊥ ,
(A16)

using (A14) in the second line. Note the tilde on j in
the third line. Finally, we have the terms quadratic in C,
which are

− e2Ψ̃+[eγ
⊥C⊥]

1

i∂+
[eγ⊥C⊥]Ψ̃+ . (A17)

Now, we sum (A13) (A15), (A16) and (A17) to obtain
the full Hamiltonian: we drop the ‘tilde’ on all variables
from now on, so that one must remember that

A− ≡ 2
∂⊥A⊥

∂+
, Ψ− ≡ 1

2i∂+

�
me − iγ⊥∂⊥

�
γ+Ψ+ .

(A18)
Since we are interested in the new interactions introduced
by the background field, so we will separate these out
explicitly, expanding C → A+ A. (Recall, A has a tilde
now.) Finally, the full Hamiltonian is

P− =

�
d2x⊥dx− 1

2
Ψ̄γ+m

2
e + (i∂⊥)2

i∂+
Ψ+

1

2
Aj(i∂⊥)2Aj + ejµAµ +

e2

2
j+ 1

(i∂+)2
j+ +

e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ

+ ejµAµ +
e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ+

e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ+

e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ .

(A19)

The first line is the QED light-front Hamiltonian, P−
QED.

The second line contains the new terms generated by the
background field. We label the terms in P−

QED as Tf , Tγ ,
W1. . .W3 respectively. Tf and Tγ are the kinetic energy
terms for the fermion and gauge field respectively. W1 is
called the vertex interaction, which is responsible for pho-
ton emission and electron-positron pair-production pro-
cesses. W2 is the instantaneous-photon interaction and
W3 is the instantaneous-fermion interaction. The instan-
taneous interactions are (explicitly) present exclusively in
light-front dynamics.
The additional terms introduced by the background

field, in the second line of (A19), are the three-point
background vertex interaction, the instantaneous 2-
background, 2-fermion vertex, and two, instantaneous,
1-background, 1-photon, 2-fermion vertices. For the field
(16), the Hamiltonian (A19) contains only a single term
beyond the ordinary QED Hamiltonian, this term being

j+A+ = Ψ̄γ+ΨA+ = 2Ψ†
+Ψ+A+ = Ψ†

+Ψ+A− . (A20)

As the main goal in this work is to introduce the general
framework of BLFQ (rather than to present new results
through precise numerical calculations, for which see fu-
ture articles) we work for convenience with a truncated
QED Hamiltonian, dropping the instantaneous interac-
tion terms W2 and W3, proportional to e2. The remain-
ing Hamiltonian is sufficient for calculating eigenstates
and eigenvalues to first order in α.

1. Symmetries of P−
QED

The BLFQ basis carries three of the symmetries as
the QED light-front Hamiltonian P−

QED. These symme-

tries and their operators, which commute with P−
QED, are

listed below.
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the right. In analogy to Ã, we now introduce Ψ̃, defined
by

Ψ̃+ = Ψ+ , Ψ̃− =
1

2i∂+

�
me − iγ⊥∂⊥

�
γ+Ψ̃+ . (A14)

Again, this is the field which survives the e → 0 limit.
Our final task is to insert (A14) into (A13) and rewrite
this in terms of only the ‘tilde’ variables. First, the C-free
terms of of (A12) are:

Ψ†
+[me−iγ⊥∂⊥]

1

i∂+
[me+iγ⊥∂⊥]Ψ+ =

1

2
¯̃Ψγ+m

2
e + (i∂⊥)2

i∂+
Ψ̃ .

(A15)

Next, we have terms in (A12) which are linear in C.
These are

Ψ†
+[eγ

⊥C⊥]
1

i∂+
[me + iγ⊥∂⊥]Ψ+

+Ψ†
+[me − iγ⊥∂⊥]

1

i∂+
[−eγ⊥C⊥]Ψ+
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1

2
Ψ̃†

+[eγ
⊥C⊥]γ−Ψ̃− +

1

2
Ψ̃†

−γ
+[−eγ⊥C⊥]Ψ̃+

= ej̃⊥C⊥ ,
(A16)

using (A14) in the second line. Note the tilde on j in
the third line. Finally, we have the terms quadratic in C,
which are

− e2Ψ̃+[eγ
⊥C⊥]

1

i∂+
[eγ⊥C⊥]Ψ̃+ . (A17)

Now, we sum (A13) (A15), (A16) and (A17) to obtain
the full Hamiltonian: we drop the ‘tilde’ on all variables
from now on, so that one must remember that

A− ≡ 2
∂⊥A⊥

∂+
, Ψ− ≡ 1

2i∂+

�
me − iγ⊥∂⊥

�
γ+Ψ+ .

(A18)
Since we are interested in the new interactions introduced
by the background field, so we will separate these out
explicitly, expanding C → A+ A. (Recall, A has a tilde
now.) Finally, the full Hamiltonian is

P− =

�
d2x⊥dx− 1
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2
e + (i∂⊥)2

i∂+
Ψ+
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Aj(i∂⊥)2Aj + ejµAµ +

e2

2
j+ 1

(i∂+)2
j+ +

e2

2
Ψ̄γµAµ
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i∂+
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e2

2
Ψ̄γµAµ

γ+

i∂+
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e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ+

e2

2
Ψ̄γµAµ

γ+

i∂+
γνAνΨ .

(A19)

The first line is the QED light-front Hamiltonian, P−
QED.

The second line contains the new terms generated by the
background field. We label the terms in P−

QED as Tf , Tγ ,
W1. . .W3 respectively. Tf and Tγ are the kinetic energy
terms for the fermion and gauge field respectively. W1 is
called the vertex interaction, which is responsible for pho-
ton emission and electron-positron pair-production pro-
cesses. W2 is the instantaneous-photon interaction and
W3 is the instantaneous-fermion interaction. The instan-
taneous interactions are (explicitly) present exclusively in
light-front dynamics.
The additional terms introduced by the background

field, in the second line of (A19), are the three-point
background vertex interaction, the instantaneous 2-
background, 2-fermion vertex, and two, instantaneous,
1-background, 1-photon, 2-fermion vertices. For the field
(16), the Hamiltonian (A19) contains only a single term
beyond the ordinary QED Hamiltonian, this term being

j+A+ = Ψ̄γ+ΨA+ = 2Ψ†
+Ψ+A+ = Ψ†

+Ψ+A− . (A20)

As the main goal in this work is to introduce the general
framework of BLFQ (rather than to present new results
through precise numerical calculations, for which see fu-
ture articles) we work for convenience with a truncated
QED Hamiltonian, dropping the instantaneous interac-
tion terms W2 and W3, proportional to e2. The remain-
ing Hamiltonian is sufficient for calculating eigenstates
and eigenvalues to first order in α.

1. Symmetries of P−
QED

The BLFQ basis carries three of the symmetries as
the QED light-front Hamiltonian P−

QED. These symme-

tries and their operators, which commute with P−
QED, are

listed below.

kine1c	
  energy	
  terms	
  

vertex	
  
interac1on	
  

instantaneous	
  
photon	
  

interac1on	
  

instantaneous	
  
fermion	
  

interac1on	
  
	
  

A+ = 0( )



QED	
  Hamiltonian	
  in	
  BLFQ	
  Basis	
  

	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (MeV)	
  

0.3482	
  
(kine1c	
  energy)	
  

-­‐0.0119	
  

	
  	
  	
  	
  	
  	
  	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  
-­‐0.0119	
  

	
  	
  	
  	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  
	
  

0.9139	
  
(kine1c	
  energy)	
  

50	
  

e e!

e!

e

! ' PQED
! !

•  QED	
  LF-­‐Hamiltonian	
  in	
  a	
  small	
  basis:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  Nmax=2,	
  K=1.5	
  	
  e + e!

e phys = 0.9998 e + 0.0210 e!

e! scat = "0.0210 e + 0.9998 e!

•  Eigenstates:	
  	
  


