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Abstract
Quantum Monte Carlo methods are among the most accurate nuclear manybody methods available. Chiral effective field theory presents a systematic way
to derive nuclear Hamiltonians from effective field theory with the same symmetries as low-energy quantum chromodynamics. Here we describe the developments that have led to the combination of these two powerful approaches, a
recent application, and prospects for the future.
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1

Introduction

Low-energy nuclear physics sits in a privileged position, connecting many diﬀerent
research areas including (among others) nuclear structure, fundamental symmetries,
and nuclear astrophysics. In each of these areas of inquiry, there are large open
questions. For example, in nuclear structure, we might ask: What are the limits of
existence of the nuclear chart? How far can ab initio calculations be pushed? How
can we build a coherent framework for describing nuclei, nuclear matter, and nuclear
reactions?
While quantum chromodynamics (QCD) is ultimately responsible for strong interactions, at low energies most applicable to many phenomenon in nuclear physics,
the most relevant degrees of freedom are baryons and mesons, speciﬁcally nucleons
and pions. But even choosing to work with these simpliﬁed degrees of freedom over
the fundamental degrees of freedom (quarks and gluons), nuclear systems still present
a signiﬁcant challenge because they are strongly interacting many-body systems.
Two questions must be addressed: 1) How do we solve the many-body Schrödinger
equation,
H|Ψ0 i = E0 |Ψ0 i?
(1)
and 2) Where should we take the Hamiltonian H? There are, of course, many answers
possible to both questions. In this brief overview, we will discuss one possible answer
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set: 1) Quantum Monte Carlo (QMC) methods, and 2) Chiral eﬀective ﬁeld theory
(EFT). Low-energy nuclear theory can make signiﬁcant contributions to many areas
of research and the combination of QMC methods and chiral EFT interactions is an
important piece of the puzzle.

2

Quantum Monte Carlo methods

Quantum Monte Carlo methods are among the most accurate many-body methods in
use in nuclear physics. They include the Variational Monte Carlo (VMC) method, the
Green’s Function Monte Carlo (GFMC) method, and the Auxiliary-Field Diﬀusion
Monte Carlo (AFDMC) method.
The ﬁrst method relies on the Rayleigh–Ritz variational principle to establish an
upper bound for the ground-state energy. In a few sentences, the idea is as follows.
One makes an educated guess for the many-body wave function |ΨT ({ci })i, which is
known as the trial wave function and which depends on some set of adjustable parameters {ci }. A set of random conﬁgurations is generated {Ri }, with Ri = {r1 , r2 , ... , rA }i ,
a set of 3A coordinates for the A nucleons. Then, the Metropolis algorithm is used to
′ 2
T (R )|
generate new conﬁgurations {R′i } based on the probability P = |Ψ
|ΨT (R)|2 , suppressing the dependence on the variational parameters. Ultimately, what this yields is a
set of conﬁgurations (often called “walkers”), which are distributed according to the
square of the trial wave function. At this point, the variational principle is invoked
and the expectation value of the Hamiltonian in this state is an upper bound to the
ground-state energy:
hΨT |H|ΨT i
> E0 .
(2)
hΨT |ΨT i
Searches are performed over parameter sets {ci } minimizing the energy.
In addition to the intrinsic value of VMC calculations, they also serve as the
starting point for the latter two QMC methods, which belong to a class of so-called
“diﬀusion” Monte Carlo methods. These solve the many-body Schrödinger equation,
H|Ψ0 i = E0 |Ψ0 i,

(3)

for a system described by a Hamiltonian H, with ground state |Ψ0 i and energy E0 ,
by using the deceptively simple-looking evolution operator
lim e−Hτ |ΨT i → |Ψ0 i,

τ →∞

(4)

for an initial “trial” state |ΨT i. (The operator e−Hτ is known by many names including the imaginary-time diﬀusion operator, the Euclidean-time projection operator,
and the imaginary-time propagator.) To see how this works, expand the trial state in
a complete set of eigenstates of the Hamiltonian:
|ΨT i =

∞
X

n=0

|Ψn ihΨn |ΨT i =

∞
X

n=0

αn |Ψn i.

(5)

One tries to ensure that the overlap with the ground state is maximal: α0 ≫ αn6=0 ,
but inevitably, there is some contamination in the trial state from higher excited
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states. Now propagate in imaginary time:
lim e−(H−ET )τ

τ →∞

∞
X

n=0

αn |Ψn i = lim e−(H−ET )τ
τ →∞

∞
X

n=0

αn e−(En −ET )τ |Ψn i

= lim e−(E0 −ET )τ α0 |Ψ0 i +
τ →∞

∞
X

n>0

!

αn e−(En −E0 )τ |Ψn i . (6)

Eq. (6) introduces the trial energy ET , which controls the normalization, and makes
the remainder of the argument clearer. It is typically chosen equal to the ground-state
energy (though it need not be). In the second line, an overall exponential has been
factored out. Now, given that ET ∼ E0 and En > E0 , under the limit, the only term
that remains is the ground state:
lim e−(H−ET )τ |ΨT i = α0 |Ψ0 i.

τ →∞

3

(7)

Chiral eﬀective ﬁeld theory

Ultimately QCD is responsible for the properties of strongly interacting nuclear matter. The Lagrangian of QCD for the two lightest quarks, u and d, can be written as
LQCD = −

1
tr{Gµν Gµν } + iq̄γ µ Dµ q − q̄Mq,
2g 2

(8)

where q (q̄) collects the quark (antiquark) ﬁelds, Gµν is the nonabelian gluon ﬁeld
strength tensor, g the coupling constant, Dµ a gauge covariant derivative, and M the
mass matrix. In the massless limit M → 0, the Lagrangian exhibits a chiral symmetry where the ﬁelds transform independently under left- and right-handed SU(2)
rotations. This is the chiral symmetry of low-energy QCD. Now one can follow the
Weinberg’s prescription to write down the most general Lagrangian in the low-energy
degrees of freedom (pions and nucleons) consistent with the important symmetries of
the underlying theory (chiral symmetry),
Leff = Lππ + LπN + LN N .

(9)

Once a power-counting method is speciﬁed, then one can order the Lagrangians in
powers of a small parameter Q/Λ, where Q is some typical momentum scale in lowenergy nuclear physics, e. g., the pion mass, and Λ is some hard scale naively of the
order of the chiral symmetry breaking scale Λ ∼ 1 GeV. For example, the nucleon(n)
nucleon Lagrangian can be written as a sum of terms LN N with n signifying the
n
order (Q/Λ) :
(0)
(2)
(3)
LN N = LN N + LN N + LN N + ...
(10)
From such an eﬀective Lagrangian, a nuclear potential can be extracted, which also
obeys the same ordering:
(0)

(2)

(3)

VN N = VN N + VN N + VN N + ...

(11)

The advantages of this approach are several. All of the long-range physics is governed
explicitly by one- and multi-pion exchanges. The short-range physics is captured in
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contact operators multiplied by unknown low-energy constants (LECs) that must be
ﬁtted to data. And importantly, many-body forces and electroweak currents enter
in a systematic way. For example, the three-nucleon interaction enters ﬁrst at the
order (Q/Λ)3 (also known as next-to-next-to-leading order or N2 LO). For more details
see Refs. [1, 2].
An important detail from the point of view of QMC methods, is that most chiral EFT interactions are nonlocal: hr|V |r′ i = V (r, r′ ). While some work has been
done to include nonlocal potentials in QMC methods [3, 4], in practice, QMC methods require local potentials with hr|V |r′ i = V (r) δ (3) (r − r′ ). However, recently an
equivalent formulation has been derived that allows for the construction of local interactions from chiral EFT up to N2 LO [5,6], which has been implemented and tested in
GFMC calculations of light nuclei and AFDMC calculations of neutron matter [7, 8].
References [5–8] contain the detailed derivation of the local two- and three-nucleon
interactions from chiral EFT, here we brieﬂy summarize the underlying ideas.
If q ≡ p − p′ is the momentum transfer in terms of the incoming and outgoing
relative momenta p and p′ , and k ≡ 21 (p + p′ ) is the momentum transfer in the
exchange channel, then any functional dependence on k will lead to a nonlocal interaction, whereas the q dependence Fourier transforms to a local interaction. Then,
the two sources of nonlocality come from 1) the regulator function (used to regulate
high-momentum components of the interaction) and 2) the choice of operators in the
contact sector of the interaction. 1) The typical regulator function used in momentum
n
space is f (p) = e−(p/Λ) , with Λ being a cutoﬀ scale, and n > 2 is some appropriate
power. Then,
V (p, p′ ) → V (p, p′ ) f (p) f (p′ ).

(12)

In short, even if V (p, p′ ) were such that it would Fourier transform to a local interaction, the regulation scheme of Eq. (12) spoils this. The solution is to regulate
4
in the coordinate space in a local way: f (r) ∝ e−(r/R0 ) , where R0 = 1.0–1.2 fm
serves as the coordinate-space cutoﬀ (approximately equivalent to 500–400 MeV,
respectively). 2) At leading order (LO) in Weinberg power counting, the nuclear
interaction consists of the one-pion-exchange potential, and (in principle) four possible momentum-independent contact operators: {1, τ 1 · τ 2 , σ 1 · σ 2 , σ 1 ·σ 2 τ 1 ·τ 2 }.
However, nucleons are fermions and obey the Pauli exclusion principle. This means
that we will ultimately be taking matrix elements between antisymmetric states, and
an antisymmetrized potential V → AV will give equivalent results. Under this antisymmetrization operation, it can be shown that at LO, only two of four contact
operators are linearly independent. This same freedom exists at the next-to-leading
order (NLO) where out of fourteen possible momentum-dependent operators only
seven are linearly independent under the antisymmetrization operation. This “Fierz”
freedom can be exploited to choose a set of (mostly) local operators. (The exception
comes from one operator proportional to q × k, but this is none other than the spinorbit operator, which has long been included explicitly in QMC methods and causes
no signiﬁcant diﬃculty.) At the next-to-next-to-next-to-leading order (N3 LO), this
Fierz freedom is insuﬃcient to remove all k-dependent operators, and so a maximally
local set will have to be selected. See Ref. [9] for a similar approach. It is possible
that the remaining nonlocal operators are “small” and can be included perturbatively
in QMC methods.
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Three-nucleon interactions

An important consideration, both from the point of view of agreement with experimental nuclear structure and from the point of view of consistency in the power
counting, is the inclusion of three-nucleon interactions that appear at N2 LO. Again,
we refer the interested reader to details provided in Refs. [6,8], but brieﬂy summarize
the important points here. There are three Feynman diagrams contributing to the
three-nucleon interaction at N2 LO in Weinberg power counting, pictured in Fig. 1.

π

π

c1 , c3 , c4

π
cD

cE

Figure 1: Feynman diagrams contributing to the three-nucleon interaction at N2 LO.
Solid lines are nucleons, dashed lines are pions.
The Fourier transform of the ﬁrst diagram has two parts. The ﬁrst, which depends on the LEC c1 , is an s-wave two-pion exchange, which bears resemblance to
the a′ term of the Tucson–Melbourne interaction [10]. The second, which depends on
the LECs c3 and c4 , is a p-wave two-pion exchange, which bears resemblance to the
Fujita–Miyazawa interaction [11]. (There are short-range structures that arise in the
Fourier transforms of the c3 and c4 interactions, which we retain explicitly.)
The second diagram proportional to the LEC cD leads, under Fourier transform
with a ﬁnite regulator, to two possible interactions, which in the inﬁnite momentumspace cutoﬀ limit would be identical. These two interactions diﬀer in their shortdistance structure:
X X
VD1 ∝
(τ i ·τ k )
i<j<k cyc



8π
× Xik (rkj ) δR3N (rij ) + Xik (rij ) δR3N (rkj ) − 2 σ i ·σ k δR3N (rij ) δR3N (rkj ) ; (13)
mπ
VD2 ∝

X X

i<j<k cyc

(τ i ·τ k )



4π
× Xik (rik ) − 2 σ i ·σ k δR3N (rik ) δR3N (rij ) + δR3N (rkj ) . (14)
mπ

Here, σ (τ ) is a Pauli spin (isospin) matrix, mπ is the pion mass, Xij (r) = [Sij (r) T (r)
+ σi ·σ j ]Y (r) is the coordinate-space pion propagator with Sij (r) = 3σi·r̂ σ j·r̂−σ i ·σ j
being the tensor operator, the tensor and Yukawa functions are T (r) = 1 + 3/(mπ r)
4
+ 3/(mπ r)2 and Y (r) = e−mπ r /r, and δR3N (r) ∝ e−(r/R3N ) is the short-range
regulated delta function with cutoﬀ R3N . In the above expressions, the pionexchange-range interactions (∝ Y ) are multiplied by a long-range regulator of the
4
form 1 − e−(r/R3N ) . We takeP
R3N = R0 , P
where R0 is the cutoﬀ used in the twonucleon interaction. The sums i<j<k and cyc are taken over all triples in a nucleus
and over all cyclic permutations of the labels i, j, k, respectively. It is straightforward

QMC with chiral EFT: developments and a recent application

145

to see that in the limit of R3N → 0, that is, the limit where δR3N (r) → δ(r), equations (13) and (14) agree.
The third diagram proportional to the LEC cE leads to an interaction of the
following form:
X X
VE ∝
(15)
Oijk δR3N (rij ) δR3N (rkj ),
i<j<k cyc

where, in principle, the Fierz freedom as in the two-nucleon sector allows the choice
of the operator Oijk as one from the set
{1, σi ·σ j , τ i ·τ j , σ i ·σ j τ i ·τ j , σ i ·σ j τ i ·τ k , [(σ i × σ k ) · σ k ][(τ i × τ k ) · τ k ]}. (16)
4

However, with the particular choice of regulator we make, δ(r) → δR3N(r) ∝ e−(r/R3N) ,
this freedom is broken, and some sensitivity to the choice of operator in Eq. (16) remains. We have explored three options:
X X
VEτ ∝
(17)
τ i ·τ k δR3N (rij ) δR3N (rkj ),
i<j<k cyc

VE 1 ∝
VEP ∝

X X

δR3N (rij ) δR3N (rkj ),

(18)

P δR3N (rij ) δR3N (rkj ),

(19)

i<j<k cyc

X X

i<j<k cyc

with the projector
P=



X
X
1
3−
σ i ·σ j 3 −
τ k ·τ l
36
i<j

(20)

k<l

onto triples with total spin S = 12 and total isospin T = 12 . These are the triples that
would survive in the inﬁnite momentum-space cutoﬀ limit.

3.2

Fits and results

The LECs appearing in Fig. 1, c1 , c3 , and c4 , are already set in the pion-nucleon
sector. However, the LECs cD and cE ﬁrst appear in the three-nucleon sector at
N2 LO and must be ﬁtted to some three- (or more-) body observables. An important
consideration is to ﬁt to uncorrelated observables. In the past, properties of A = 3
and A = 4 nuclei have been used to ﬁx cD and cE . The shortcoming of this approach,
however, is that largely, if one obtains reasonable properties of A = 3 nuclei, then the
properties of the A = 4 nucleus are typically reproduced well: the two systems are
highly correlated. In addition, we have two other motivations for our choices. The
ﬁrst motivation is to probe properties of light nuclei. For this reason, we choose the
4
He binding energy as one observable. The second motivation is to probe the T = 3/2
physics. For this reason, we choose to reproduce n–α elastic scattering P -wave phase
shifts. See Ref. [12] for details on the scattering calculations. The n–α system is the
lightest known nuclear system where three neutrons may interact and therefore probes
the T = 3/2 physics. Figure 2 shows the ﬁts we performed. The top panel shows
contours of cE vs cD . Each point in this panel corresponds to values of cD and cE for
a given operator combination (e. g., VD2 and VEτ ), for a given cutoﬀ R0 which gives
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Figure 2: Top panel: Couplings cE vs cD obtained by ﬁtting the 4 He binding energy
for diﬀerent 3N -operator forms. Triangles are obtained by using VD1 and VEτ , other
symbols are obtained for VD2 and three diﬀerent VE -operator structures. The blue
and green curves correspond to R0 = 1.0 fm, the red curves correspond to R0 = 1.2 fm.
The GFMC statistical errors are smaller than the symbols. The stars correspond to
the cD and cE values which simultaneously ﬁt the n–α P -wave phase shifts. No ﬁt
to both observables can be obtained for the case with R0 = 1.2 fm and VD1 . Bottm
panel: P -wave n–α elastic scattering phase shifts compared with R-matrix analysis of
experimental data. The same colors and symbols are used to distinguish the operator
combinations. We include also the phase shifts calculated at NLO clearly indicating
the necessity of 3N interactions to ﬁt the P -wave splitting.
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the experimental binding energy of 4 He in GFMC calculations. The stars in the left
panel indicate values of cD and cE which simultaneously ﬁt the 4 He binding energy
and the P -wave elastic n–α scattering phase shifts shown in the bottom panel. A good
description of both systems is obtained for both cutoﬀs (R0 = 1.0 fm and R0 = 1.2 fm)
for the operator combinations VD2 and any of VE 1 , VEτ , or VEP (though only the
cases with VEτ and VEP are shown in Fig. 2). Whereas for the operator combinations
with VD1 and the softer cutoﬀ R0 = 1.2 fm, no ﬁt to the P -wave n–α elastic scattering
phase shifts could be obtained.
The interactions ﬁt as just described, were used in GFMC calculations of light
nuclei (top panel of Fig. 3) and in AFDMC calculations of the equation of state
of neutron matter (bottom panel of Fig. 3). The uncertainties shown in Fig. 3 are
obtained as a sum in quadrature of the QMC statistical uncertainties and a systematic
estimate of the uncertainty induced by truncating the chiral expansion as in Ref. [13].
In short, taken together, Fig. 2 and Fig. 3 imply that our local N2 LO interactions
have the freedom to simultaneously describe three benchmark nuclear systems: light
nuclei, n–α elastic scattering phase shifts, and the neutron matter equation of state.

4

Application: neutrons in ﬁnite volume

Though QCD is the correct theory underlying the strong interactions, the only ab
initio method to solve it directly at low energies is lattice QCD. Signiﬁcant progress
has been made in these simulations in the last two decades; however, even optimistically the simulation of 12 C in terms of quark and gluon degrees of freedom at physical
pion masses is likely in a distant future. Therefore, some connection between the
lattice QCD and ab initio calculations of nuclear systems in terms of nucleon and
pion degrees of freedom is desirable. For example, it is conceivable that in the near
future, matching of lattice QCD calculations to chiral Hamiltonians will allow for the
extraction of LECs needed for chiral Hamiltonians from lattice QCD simulations. To
help facilitate the construction of such a bridge, we have used the AFDMC method
to calculate properties of two neutrons in a box with periodic boundary conditions
and used the Lüscher formula to extract scattering properties (the scattering length a
and eﬀective range re ) from our ﬁnite-volume calculations. For details, see Ref. [14];
here we summarize the main ﬁndings.
This work takes advantage of the formalism ﬁrst introduced by Lüscher [15, 16]
relating scattering phase shifts in inﬁnite volume directly to the energy levels in
ﬁnite volume. The relationship has some remarkable implications. For example,
take a simple scattering problem, such as np → dγ radiative capture in the 1S0
channel. One might naively expect that in order to simulate this problem in ﬁnite
3
1
volume it would require cubic volumes with side lengths L ≫ |a S0 |, |a S1 |, with,
1
e. g., a S0 = −23.71 fm. However, this is not so. The Lüscher relationship
"  #
2
1
Lp
p cot δ0 (p) =
,
(21)
S
πL
2π
with the regulated sum

Λj
X
S(η) ≡ lim 
Λj →∞

j



1
− 4πΛj,
|j|2 − η

(22)
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Figure 3: Top panel: Ground-state energies and point proton radii of A = 3, 4 nuclei
calculated at NLO and N2 LO (with VD2 and VEτ ) compared with experiment. Blue
(red) symbols correspond to R0 = 1.0 fm (R0 = 1.2 fm). The errors are obtained as
described in the text and include also the GFMC statistical uncertainties. Bottom
panel: The energy per particle in neutron matter as a function of density for the N N
and full 3N interactions at N2 LO with R0 = 1.0 fm. We use VD2 and diﬀerent 3N
contact structures: the blue band corresponds to VEτ , the red band corresponds to
VE 1 , and the green band corresponds to VEP . The green band coincides with the
N N + 2π-exchange-only result because both VD and VE vanish in this case. The
bands are calculated as described in the text.
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(with some caveats) relates the phase shifts δ0 (p) to the ﬁnite-volume spectrum (given
1
by the discrete values of p) even for L < |a S0 | or other relevant scales. In the above, j
is a vector of integers, and Λj is a cutoﬀ such that |j| < Λj . In particular, for lowenergy S-wave scattering, one can expand the left-hand side of Eq. (21) to obtain
a relationship between the scattering parameters of the two-neutron system and the
ﬁnite-volume spectrum:
"  #
2
1
Lp
1 1S0 2
1
.
(23)
S
− 1S + re p =
2
πL
2π
a 0
We ﬁrst consider only a contact interaction (smeared out),
4

V (r) = C0 e−(r/R0 ) ,

(24)

which purposely has the same form as the regulated contact interactions we use in
our chiral EFT interactions. We introduce a dimensionless variable q ≡ pL/2π, and
calculate the ﬁnite-volume ground state for two values of C0 . The ﬁrst value reproduces the physical scattering length in the inﬁnite volume, and the second produces
a large scattering length a = −101.7 fm. In addition, we calculate the ﬁrst excited
state for the case which gives the physical scattering length, see Fig. 4. From these
calculations, we can verify via Eq. (23) that our ﬁnite-volume spectra lie along the line
predicted by the Lüscher formula with the appropriate scattering length and eﬀective
range (calculated in the inﬁnite volume), and in kind, we can take the ﬁnite-volume
spectra and ﬁt them via Eq. (23) to make a postdiction of the scattering length
and eﬀective range. In the case of the large scattering length, this ﬁtting procedure
gives a = −98(4) fm compared with the value of a = −101.7 fm from the inﬁnite volume. In the case of the physical scattering length, we ﬁnd a = −19.0(1) fm compared
with a = −18.9 fm from the inﬁnite volume calculations.
The bottom panel of Fig. 4 shows the ﬁrst AFDMC calculations of an excited
state of a nuclear system. The details are described in Ref. [14]; brieﬂy, we ﬁrst
considered the possibility of introducing a purely spherical node in the Jastrow wave
function (points given as red circles in the bottom panel of Fig. 4). However, we also
diagonalized the system exactly and from this diagonalization extracted the nodal
surface of the ﬁrst excited state. This nodal surface showed itself to be a linear
combination of cubical harmonics with a large spherical component, but with a nonc
negligible Yl=4
component as well (Ylc is a cubical harmonic). To account for this
discrepancy, we estimated the contribution from the non-spherical part of the wave
function to contribute an additional 1% uncertainty in the energies we calculated.
These are the larger error bars on the red circles in the bottom panel of Fig. 4. When
we take this deformed nature of the nodal surface into account in our wave function
(yellow squares in the right panel of Fig. 4), a signiﬁcantly better agreement with the
diagonalization and Lüscher formula is obtained.
We then included our local chiral EFT interactions up to N2 LO. One caveat to this
procedure is that Lüscher’s derivation was in terms of a pionless EFT with contactonly interactions. Once the interaction involves the exchange of pions and a larger
range, one needs to restrict the momenta used in the comparison to the radius of
convergence of pionless EFT |p| < mπ /2. This excluded region is indicated in Fig. 5
and Fig. 6 by the gray shading, and furthermore, points in this region are not used
in the subsequent ﬁtting procedure to determine the scattering lengths and eﬀective
ranges.
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Figure 4: Top panel: AFDMC results for the energy of two neutrons in the ground
state in ﬁnite volume with the contact potential Eq. (24) for diﬀerent box sizes L
compared with the Lüscher formula. C0 is adjusted to give the physical nn scattering
length a = −18.9 fm (closed circles/solid line) and to give a very large scattering
length a = −101.7 fm (open circles/dashed line). The gray band shows a ﬁt (as described in the text) to the AFDMC results for a = −101.7 fm. The energies are given
in terms of the dimensionless quantity q 2 = EM L2 /(4π 2 ). Bottom panel: AFDMC
results for the energy of two neutrons in the ﬁrst excited state in ﬁnite volume with the
contact potential for diﬀerent box sizes L (red circles) compared with the Lüscher formula (solid line). The error bars of the AFDMC results with a spherical nodal surface
include both statistical uncertainties and a systematic uncertainty of 1% discussed in
the text. C0 is adjusted to give the physical nn scattering length a = −18.9 fm. Also
shown are the energies calculated by exact diagonalization (blue diamonds).
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Figure 5: Top panel: AFDMC results for the energy of two neutrons in the ground
state in ﬁnite volume with the LO chiral EFT interaction compared with the Lüscher
formula for diﬀerent box sizes L. The cutoﬀs R0 = 1.0 fm (red circles/solid line)
and R0 = 1.2 fm (blue diamonds/dashed line) are used. The energies are given in
terms of the dimensionless quantity q 2 = EM L2 /(4π 2 ). The region where |p| > mπ /2
is indicated by the gray band. Bottm panel: AFDMC results for the energy of two
neutrons in the ﬁrst excited state in ﬁnite volume with the LO chiral EFT interaction
with cutoﬀ R0 = 1.0 fm (red circles) compared with the Lüscher formula (solid line)
for diﬀerent box sizes L. The error bars on the AFDMC results with a spherical
nodal surface include both statistical uncertainties and a systematic uncertainty of 1%
discussed in the text. The dark gray band shows a combined ﬁt (as described in the
text) to the ground and ﬁrst excited state AFDMC results for the LO chiral potential.
Points in the region |p| > mπ /2 indicated by the gray band are not included in the ﬁt.
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Figure 6: AFDMC results for the energy of two neutrons in the ground state in ﬁnite
volume with the NLO and N2 LO chiral EFT interactions with cutoﬀ R0 = 1.0 fm
compared with the Lüscher formula for diﬀerent box sizes L. The results at NLO
(N2 LO) are given as the red circles/solid line (blue diamonds/dashed line). The
dark gray band shows a ﬁt (as described in the text) to the AFDMC results for
the N2 LO chiral potential. The energies are given in terms of the dimensionless
quantity q 2 = EM L2 /(4π 2 ). Points in the region |p| > mπ /2 indicated by the gray
band are not included in the ﬁt.

In summary, this application establishes the AFDMC method as a powerful way
to match lattice QCD results to ﬁnite-volume calculations using chiral Hamiltonians.
This procedure has several advantages, including the fact that it circumvents the
small-volume and multi-body diﬃculties of direct Lüscher extensions. In the future,
we hope to collaborate directly with the lattice QCD community and extract LECs
directly from lattice simulations of few-nucleon systems.

5

Conclusion

The advent of QMC calculations combined with chiral EFT interactions is a signiﬁcant
advancement, which can yield new insights into both nuclear interactions and nuclear
systems. Our results suggest that more investigation of regulator choices and eﬀects
are necessary. Our results also aﬃrm that chiral two- and three-nucleon interactions
at N2 LO have suﬃcient freedom to give a good description of light nuclei, n–α scattering, and neutron matter. The application shown above demonstrates the exciting
connections to diverse other ﬁelds that are now possible. The future includes many
interesting directions including calculations of larger nuclear systems up to A = 12
with the GFMC method, and perhaps beyond with the AFDMC method. One important extension will be to apply our n–α scattering framework to other reactions in
light nuclei. Low-energy nuclear theory can make signiﬁcant contributions to many
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areas of physics and the combination of chiral EFT in QMC calculations can play an
important role.
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