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OVERVIEW OF THIS TALK
• Inferring the values of LECs from data.

• Uncertainty quantification.

• Ongoing: Δ-full interactions and saturation.

• Ongoing: Bayesian parameter estimation.
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Nuclear Theory in the Supercomputing Era!

Theory challenge: how to formulate an EFT for atomic 
nuclei and harness its advantages (i.e. truncation errors) ?

Computing challenge: solving the many-nucleon 
Schrödinger equation, multi-dimensional parameter spaces, 
computationally expensive likelihood evaluations, error 
propagation to many-body systems, …

Theory

Computation
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EFFECTIVE FIELD THEORY IS SPECIAL
… since it promises to deliver observables in an order-by-order improvable fashion

S. Wesolowski et al, J Phys G 43, 074001 (2016)
M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

For more on Bayes and EFT:
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Perhaps we also have some a priori belief in e.g.:
• the typical range of values for the expansion parameters (cν~1)
• the typical range of values for the LECs a
• the expected breakdown scale 

We have an idea about how observables depend on the unknowns a via some data
generating mechanism called the Likelihood.

⇤b
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Our typical setting: We want to say something about the unobserved quantities, and evaluate the fit of the parameters a of 
the model, in the light of observed data and several sources of uncertainty.

How do we proceed ?
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P (a|D, I) =
P (D|a, I)P (a|I)

P (D|I)

Bayes formulation of statistics offers a convenient method to guard against overfitting, to incorporating in prior
knowledge (naturalness, the EFT error scaling), and to quantitatively compare models to each other!

Likelihood

Evidence (normalization)

Posterior
Prior

BAYESIAN INFERENCE

S. Wesolowski et al, J Phys G 43, 074001 (2016)
M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

For more on Bayes and EFT:

2018-10-29



NTSE-2018, Daejeon

P (a|D, I) =
P (D|a, I)P (a|I)

P (D|I)

Bayes formulation of statistics offers a convenient method to guard against overfitting, to incorporating in prior
knowledge (naturalness, the EFT error scaling), and to quantitatively compare models to each other!

If you can do Markov Chain Monte Carlo sampling “of your system”, then 
you can afford it. There are many pitfalls in the application of MCMC

There exists also “discounted” versions where you instead get 
approximate (surrogate, artificially intelligent?) descriptions of your 
posterior.

Likelihood

Evidence (normalization)

Posterior
Prior

BAYESIAN INFERENCE

S. Wesolowski et al, J Phys G 43, 074001 (2016)
M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

For more on Bayes and EFT:

2018-10-29
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P (a|D, I) =
P (D|a, I)P (a|I)

P (D|I)

Bayes formulation of statistics offers a convenient method to guard against overfitting, to incorporating in prior
knowledge (naturalness, the EFT error scaling), and to quantitatively compare models to each other!

If you can do Markov Chain Monte Carlo sampling “of your system”, then 
you can afford it. There are many pitfalls in the application of MCMC

There exists also “discounted” versions where you instead get 
approximate (surrogate, artificially intelligent?) descriptions of your 
posterior.

Likelihood

Evidence (normalization)

Posterior
Prior

BAYESIAN INFERENCE

S. Wesolowski et al, J Phys G 43, 074001 (2016)
M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

For more on Bayes and EFT:

Toolbox:

P (a1|D, I) =

Z
da2 . . . dakP (a|D, I)
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Marginalization

Model comparison (Bayes factors)
P (M1|D)

P (M2|D)
=

R
P (D|a,M1)P (a|M1)daR
P (D|b,M2)P (b|M2)db
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P (D|a, I) =
Z

dc⌫̄+1 . . . dc⌫maxP (D|c⌫̄+1 . . . c⌫max ,a, I)

⇥P (c⌫̄+1 . . . c⌫max |I)
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COMPUTATIONALLY EXPENSIVE. WORK IN 
PROGRESS. SEVERAL ONGOING EFFORTS.



2018-10-29 NTSE-2018, Daejeon

OPTIMIZATION OF THE LECS IN 𝝌EFT 

f(x) =
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x? = argmin
x

f(x)
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Challenge: find the point(s) x* in parameter space that minimizes some objective function, i.e: 

Finding an optimal point in a multidimensional parameter space is often very challenging, even if it is 
easy to evaluate the model as a function of its parameters. Any additional information is valuable. 
• Derivatives, excluded regions and/or dimensions in parameter space, …
• Covariance structure of the theory and the data

A common objective function: Reproduce thousands of nucleon-nucleon scattering data! This data 
can be partitioned in Ng groups where all data come from the same experiment. The systematic (norm) 
uncertainty within a group is lifted by including the second term.
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POUNDERS: MODEL-BASED OPTIMIZATION
min

(
f(x) =

1

2
||F (x)||22 =

1

2

pX
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Fi(x)
2 : x 2 X ⇢ Rn

)
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Exploit known structure (sum-of-squares) and setup interpolating 
quadratic model of each residual Fi (x) centered around xk.

q
(i)
k = Fi(xk) + (x� xk)

T
g
(i)
k +

1

2
(x� xk)

T
H

(i)
k (x� xk)
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Solve for gk and Hk by interpolating to subset of common 
function values. A master model uses second order information
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POUNDERs exploits the known ‘squared-
sum’ structure of the objective function.

POUNDERs works very well for us!

Stefan Wild, Argonne National Laboratory, Preprint ANL/MCS-P5120-0414
2018-10-29
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With derivatives

With derivatives



UQ: UNCERTAINTIES FROM ERRORS IN FIT DATA

Small variations around the optimum gives

Linearized approximation to Covariance matrix
of non-linear least squares objective function: 

B. D. Carlsson, AE, et al. Phys. Rev. X 6, 011019 (2016)
J Dobaczewski, W Nazarewicz, P-G Reinhard J. Phys. G: Nucl. Part. Phys. 41 (2014) 074001 
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MC sample (105)

Linear
prop.

Quadratic
propagation

Ellipses from Gaussians
“Boomerangs” traced numerically

B. D. Carlsson, AE, et al. Phys. Rev. X 6, 011019 (2016)



ESTIMATING TRUNCATION ERRORS
In this talk
we stay at
NNLO

• Effective field theories are special since they, by construction, offer a handle 
on the systematic uncertainty due to excluded higher-order terms (physics.)

S. Wesolowski et al, J Phys G 43, 074001 (2016)
For more on Bayes and EFT, see e.g.: M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

• If we believe to have a convergent series, we can estimate the next term 

O = O0(c0Q
0 + c1Q

1 + c2Q
2 + ?Q3 + . . .)

<latexit sha1_base64="2bug3Z1XPN/joH1kQlVgA6L/BuY="></latexit><latexit sha1_base64="2bug3Z1XPN/joH1kQlVgA6L/BuY="></latexit><latexit sha1_base64="2bug3Z1XPN/joH1kQlVgA6L/BuY="></latexit><latexit sha1_base64="2bug3Z1XPN/joH1kQlVgA6L/BuY="></latexit>

EFT expansion 
parameter

R. J. Furnstahl et al, Phys. Rev. C 92, 024005 (2015)

For the expansion coefficients we assume iid and a boundless uniform prior distribution

Figure by R. Machleidt

ci = max
n<i

{|cn|},
✓
100⇥ i

i+ 1

◆
% confidence
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E. Epelbaum et al., Eur. Phys. J. A 51, 53 (2015)



PREDICTION OF THE CAPTURE RATE µd
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µ� + d ! ⌫µ + n+ n
<latexit sha1_base64="YbiFqUNO5Pl6gVb94oNui6K3t2E=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBZREEsignorevFYwdhCE8Nms2mXbjZhd6OU0J/gxb/ixYOKV6/e/Ddu2hy09cHA470ZZuYFKaNSWda3UZmbX1hcqi7XVlbX1jfMza1bmWQCEwcnLBGdAEnCKCeOooqRTioIigNG2sHgsvDb90RImvAbNUyJF6MepxHFSGnJN/fdOLs7gocwhK6gvb5CQiQP0OWZn2trpB1elG/WrYY1BpwldknqoETLN7/cMMFZTLjCDEnZta1UeTkSimJGRjU3kyRFeIB6pKspRzGRXj5+aAT3tBLCKBG6uIJj9fdEjmIph3GgO2Ok+nLaK8T/vG6mojMvpzzNFOF4sijKGFQJLNKBIRUEKzbUBGFB9a0Q95FAWOkMazoEe/rlWeIcN84b9vVJvXlRplEFO2AXHAAbnIImuAIt4AAMHsEzeAVvxpPxYrwbH5PWilHObIM/MD5/AEIlmwg=</latexit><latexit sha1_base64="YbiFqUNO5Pl6gVb94oNui6K3t2E=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBZREEsignorevFYwdhCE8Nms2mXbjZhd6OU0J/gxb/ixYOKV6/e/Ddu2hy09cHA470ZZuYFKaNSWda3UZmbX1hcqi7XVlbX1jfMza1bmWQCEwcnLBGdAEnCKCeOooqRTioIigNG2sHgsvDb90RImvAbNUyJF6MepxHFSGnJN/fdOLs7gocwhK6gvb5CQiQP0OWZn2trpB1elG/WrYY1BpwldknqoETLN7/cMMFZTLjCDEnZta1UeTkSimJGRjU3kyRFeIB6pKspRzGRXj5+aAT3tBLCKBG6uIJj9fdEjmIph3GgO2Ok+nLaK8T/vG6mojMvpzzNFOF4sijKGFQJLNKBIRUEKzbUBGFB9a0Q95FAWOkMazoEe/rlWeIcN84b9vVJvXlRplEFO2AXHAAbnIImuAIt4AAMHsEzeAVvxpPxYrwbH5PWilHObIM/MD5/AEIlmwg=</latexit><latexit sha1_base64="YbiFqUNO5Pl6gVb94oNui6K3t2E=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBZREEsignorevFYwdhCE8Nms2mXbjZhd6OU0J/gxb/ixYOKV6/e/Ddu2hy09cHA470ZZuYFKaNSWda3UZmbX1hcqi7XVlbX1jfMza1bmWQCEwcnLBGdAEnCKCeOooqRTioIigNG2sHgsvDb90RImvAbNUyJF6MepxHFSGnJN/fdOLs7gocwhK6gvb5CQiQP0OWZn2trpB1elG/WrYY1BpwldknqoETLN7/cMMFZTLjCDEnZta1UeTkSimJGRjU3kyRFeIB6pKspRzGRXj5+aAT3tBLCKBG6uIJj9fdEjmIph3GgO2Ok+nLaK8T/vG6mojMvpzzNFOF4sijKGFQJLNKBIRUEKzbUBGFB9a0Q95FAWOkMazoEe/rlWeIcN84b9vVJvXlRplEFO2AXHAAbnIImuAIt4AAMHsEzeAVvxpPxYrwbH5PWilHObIM/MD5/AEIlmwg=</latexit><latexit sha1_base64="YbiFqUNO5Pl6gVb94oNui6K3t2E=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBZREEsignorevFYwdhCE8Nms2mXbjZhd6OU0J/gxb/ixYOKV6/e/Ddu2hy09cHA470ZZuYFKaNSWda3UZmbX1hcqi7XVlbX1jfMza1bmWQCEwcnLBGdAEnCKCeOooqRTioIigNG2sHgsvDb90RImvAbNUyJF6MepxHFSGnJN/fdOLs7gocwhK6gvb5CQiQP0OWZn2trpB1elG/WrYY1BpwldknqoETLN7/cMMFZTLjCDEnZta1UeTkSimJGRjU3kyRFeIB6pKspRzGRXj5+aAT3tBLCKBG6uIJj9fdEjmIph3GgO2Ok+nLaK8T/vG6mojMvpzzNFOF4sijKGFQJLNKBIRUEKzbUBGFB9a0Q95FAWOkMazoEe/rlWeIcN84b9vVJvXlRplEFO2AXHAAbnIImuAIt4AAMHsEzeAVvxpPxYrwbH5PWilHObIM/MD5/AEIlmwg=</latexit>

µ�
<latexit sha1_base64="GlQhkCDxeQWk1o43NX23lKlrQbw=">AAAB7XicdVDLSsNAFL2pr1pfVZe6GCyCG0sSpK27ohuXLRhbaGOZTCft0MmDmYlQQj/CjQsVt/6C3+HOnZ/iNFFQ0QMXDufcy733eDFnUpnmm1FYWFxaXimultbWNza3yts7VzJKBKEOiXgkuh6WlLOQOoopTruxoDjwOO14k/O537mhQrIovFTTmLoBHoXMZwQrLXX6QXKdHs8G5YpZtU/sWsNEGalb9ZzUajayqmaGSnP/pf0OAK1B+bU/jEgS0FARjqXsWWas3BQLxQins1I/kTTGZIJHtKdpiAMq3TQ7d4YOtTJEfiR0hQpl6veJFAdSTgNPdwZYjeVvby7+5fUS5TfclIVxomhI8kV+wpGK0Px3NGSCEsWnmmAimL4VkTEWmCidUEmH8PUp+p84dvW0arV1GGeQowh7cABHYEEdmnABLXCAwARu4R4ejNi4Mx6Np7y1YHzO7MIPGM8fHCaR2Q==</latexit><latexit sha1_base64="UiIhrPj8AVYeKsC8m8heL4kN82U=">AAAB7XicdVDLSsNAFJ34rPVVdanIYBHcGJIgbd0V3bhswdhCG8tkOmmHziRhZiKU0KUf4MaFilt/od/hzm/wJ5wmCip64MLhnHu59x4/ZlQqy3oz5uYXFpeWCyvF1bX1jc3S1vaVjBKBiYsjFom2jyRhNCSuooqRdiwI4j4jLX90PvNbN0RIGoWXahwTj6NBSAOKkdJSq8uT6/R40iuVLdM5cSo1C2akaldzUqk40DatDOX63rT5frs/bfRKr91+hBNOQoUZkrJjW7HyUiQUxYxMit1EkhjhERqQjqYh4kR6aXbuBB5qpQ+DSOgKFczU7xMp4lKOua87OVJD+dubiX95nUQFNS+lYZwoEuJ8UZAwqCI4+x32qSBYsbEmCAuqb4V4iATCSidU1CF8fQr/J65jnpp2U4dxBnIUwC44AEfABlVQBxegAVyAwQjcgQfwaMTGvfFkPOetc8bnzA74AePlA/j2kz8=</latexit><latexit sha1_base64="UiIhrPj8AVYeKsC8m8heL4kN82U=">AAAB7XicdVDLSsNAFJ34rPVVdanIYBHcGJIgbd0V3bhswdhCG8tkOmmHziRhZiKU0KUf4MaFilt/od/hzm/wJ5wmCip64MLhnHu59x4/ZlQqy3oz5uYXFpeWCyvF1bX1jc3S1vaVjBKBiYsjFom2jyRhNCSuooqRdiwI4j4jLX90PvNbN0RIGoWXahwTj6NBSAOKkdJSq8uT6/R40iuVLdM5cSo1C2akaldzUqk40DatDOX63rT5frs/bfRKr91+hBNOQoUZkrJjW7HyUiQUxYxMit1EkhjhERqQjqYh4kR6aXbuBB5qpQ+DSOgKFczU7xMp4lKOua87OVJD+dubiX95nUQFNS+lYZwoEuJ8UZAwqCI4+x32qSBYsbEmCAuqb4V4iATCSidU1CF8fQr/J65jnpp2U4dxBnIUwC44AEfABlVQBxegAVyAwQjcgQfwaMTGvfFkPOetc8bnzA74AePlA/j2kz8=</latexit><latexit sha1_base64="h+bo/Hw+EkqTJHWOOMGZuknyObA=">AAAB7XicdVBNS8NAEJ34WetX1aOXxSJ4MSRB2norevFYwdhCG8tmu2mXbjZhdyOU0B/hxYOKV/+PN/+N27SCij4YeLw3w8y8MOVMacf5sJaWV1bX1ksb5c2t7Z3dyt7+rUoySahPEp7ITogV5UxQXzPNaSeVFMchp+1wfDnz2/dUKpaIGz1JaRDjoWARI1gbqd2Ls7v8dNqvVB3bO/NqDQcVpO7W56RW85BrOwWqsECrX3nvDRKSxVRowrFSXddJdZBjqRnhdFruZYqmmIzxkHYNFTimKsiLc6fo2CgDFCXSlNCoUL9P5DhWahKHpjPGeqR+ezPxL6+b6agR5EykmaaCzBdFGUc6QbPf0YBJSjSfGIKJZOZWREZYYqJNQmUTwten6H/ie/a57V471ebFIo0SHMIRnIALdWjCFbTABwJjeIAneLZS69F6sV7nrUvWYuYAfsB6+wQOcY+U</latexit>

d
<latexit sha1_base64="9C+Bh2h3qQgm0hN+iMq6PSAwFuc=">AAAB53icdZBLS8NAFIVv6qvGV9Wlm8EiuApJkbYuxKIbly0YW2hDmUym7djJg5mJUErBvRsXKm79Ne7d+W+cJgoqemDg45x7mXuvn3AmlW2/G4WFxaXlleKquba+sblV2t65knEqCHVJzGPR8bGknEXUVUxx2kkExaHPadsfn8/z9g0VksXRpZok1AvxMGIDRrDSVivol8q2VTmqVOs2yqDm1HKoVivIsexM5dNX8+QWAJr90lsviEka0kgRjqXsOnaivCkWihFOZ2YvlTTBZIyHtKsxwiGV3jQbdIYOtBOgQSz0ixTK3O8dUxxKOQl9XRliNZK/s7n5V9ZN1aDuTVmUpIpGJP9okHKkYjTfGgVMUKL4RAMmgulZERlhgYnStzH1Eb42Rf+DW7GOLadllxtnkKsIe7APh+BADRpwAU1wgQCFO3iAR+PauDeejOe8tGB89uzCDxkvHwM/jsg=</latexit><latexit sha1_base64="m4eGL2fWCgNR+lEx6rZHPYUIYh8=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwm7djJJMxMhBL6BG5cqLgVH8a9G/FtnDYKKnpg4OOce5l7b5AyKpVtvxulufmFxaXysrmyura+UdncupBJJjDxcMIS0Q2QJIxy4imqGOmmgqA4YKQTjE6neeeaCEkTfq7GKfFjNOA0ohgpbbXDfqVqW+6BW2vYcAZ1p15AreZCx7Jnqh6/mEfp85vZ6ldeL8MEZzHhCjMkZc+xU+XnSCiKGZmYl5kkKcIjNCA9jRzFRPr5bNAJ3NNOCKNE6McVnLnfO3IUSzmOA10ZIzWUv7Op+VfWy1TU8HPK00wRjouPooxBlcDp1jCkgmDFxhoQFlTPCvEQCYSVvo2pj/C1KfwfPNc6tJy2XW2egEJlsAN2wT5wQB00wRloAQ9gQMANuAP3xpVxazwYj0Vpyfjs2QY/ZDx9APNLkDw=</latexit><latexit sha1_base64="m4eGL2fWCgNR+lEx6rZHPYUIYh8=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwm7djJJMxMhBL6BG5cqLgVH8a9G/FtnDYKKnpg4OOce5l7b5AyKpVtvxulufmFxaXysrmyura+UdncupBJJjDxcMIS0Q2QJIxy4imqGOmmgqA4YKQTjE6neeeaCEkTfq7GKfFjNOA0ohgpbbXDfqVqW+6BW2vYcAZ1p15AreZCx7Jnqh6/mEfp85vZ6ldeL8MEZzHhCjMkZc+xU+XnSCiKGZmYl5kkKcIjNCA9jRzFRPr5bNAJ3NNOCKNE6McVnLnfO3IUSzmOA10ZIzWUv7Op+VfWy1TU8HPK00wRjouPooxBlcDp1jCkgmDFxhoQFlTPCvEQCYSVvo2pj/C1KfwfPNc6tJy2XW2egEJlsAN2wT5wQB00wRloAQ9gQMANuAP3xpVxazwYj0Vpyfjs2QY/ZDx9APNLkDw=</latexit><latexit sha1_base64="4M+dzziglF3GfaG+jFklArigV4o=">AAAB53icdVBNS8NAEN34WetX1aOXxSJ4CkmQtt6KXjy2YGyhDWWzmbRrN5uwuxFK6S/w4kHFq3/Jm//GbVpBRR8MPN6bYWZemHGmtON8WCura+sbm6Wt8vbO7t5+5eDwVqW5pODTlKeyGxIFnAnwNdMcupkEkoQcOuH4au537kEqloobPckgSMhQsJhRoo3UjgaVqmN7516t4eCC1N36gtRqHnZtp0AVLdEaVN77UUrzBISmnCjVc51MB1MiNaMcZuV+riAjdEyG0DNUkARUMC0OneFTo0Q4TqUpoXGhfp+YkkSpSRKazoTokfrtzcW/vF6u40YwZSLLNQi6WBTnHOsUz7/GEZNANZ8YQqhk5lZMR0QSqk02ZRPC16f4f+J79oXttp1q83KZRgkdoxN0hlxUR010jVrIRxQBekBP6Nm6sx6tF+t10bpiLWeO0A9Yb5+VxYz7</latexit>

n
<latexit sha1_base64="ng8aVqOsFq0kwt/4J0vEqcM5ZnA=">AAAB53icdZBNSwMxEIZn61ddv6oevQSL4KnsFmnrQSx68diCawttKdk028Zms0uSFUopePfiQcWrv8a7N/+N6a6Cir4QeHjfGTIzfsyZ0o7zbuUWFpeWV/Kr9tr6xuZWYXvnSkWJJNQjEY9k28eKciaop5nmtB1LikOf05Y/Pp/nrRsqFYvEpZ7EtBfioWABI1gbqyn6haJTKh+VKzUHpVB1qxlUKmXklpxUxdNX++QWABr9wlt3EJEkpEITjpXquE6se1MsNSOczuxuomiMyRgPacegwCFVvWk66AwdGGeAgkiaJzRK3e8dUxwqNQl9UxliPVK/s7n5V9ZJdFDrTZmIE00FyT4KEo50hOZbowGTlGg+MYCJZGZWREZYYqLNbWxzhK9N0f/glUvHJbfpFOtnkCkPe7APh+BCFepwAQ3wgACFO3iAR+vaureerOesNGd99uzCD1kvHxJdjtI=</latexit><latexit sha1_base64="DMK54U9vP8Y5lOhasNcgxzJ9S3Q=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwn7djJJMxMhBL6BG5cqLgVH8a9G/FtnCYKKnpg4OOce5l7b5AwKpVtvxulufmFxaXysrmyura+UdncupBxKjDxcMxi0Q2QJIxy4imqGOkmgqAoYKQTjE9neeeaCEljfq4mCfEjNOQ0pBgpbbV5v1K1LffArTVsmEPdqRdQq7nQsexc1eMX8yh5fjNb/crr5SDGaUS4wgxJ2XPsRPkZEopiRqbmZSpJgvAYDUlPI0cRkX6WDzqFe9oZwDAW+nEFc/d7R4YiKSdRoCsjpEbydzYz/8p6qQobfkZ5kirCcfFRmDKoYjjbGg6oIFixiQaEBdWzQjxCAmGlb2PqI3xtCv8Hz7UOLadtV5snoFAZ7IBdsA8cUAdNcAZawAMYEHAD7sC9cWXcGg/GY1FaMj57tsEPGU8fAniQRg==</latexit><latexit sha1_base64="DMK54U9vP8Y5lOhasNcgxzJ9S3Q=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwn7djJJMxMhBL6BG5cqLgVH8a9G/FtnCYKKnpg4OOce5l7b5AwKpVtvxulufmFxaXysrmyura+UdncupBxKjDxcMxi0Q2QJIxy4imqGOkmgqAoYKQTjE9neeeaCEljfq4mCfEjNOQ0pBgpbbV5v1K1LffArTVsmEPdqRdQq7nQsexc1eMX8yh5fjNb/crr5SDGaUS4wgxJ2XPsRPkZEopiRqbmZSpJgvAYDUlPI0cRkX6WDzqFe9oZwDAW+nEFc/d7R4YiKSdRoCsjpEbydzYz/8p6qQobfkZ5kirCcfFRmDKoYjjbGg6oIFixiQaEBdWzQjxCAmGlb2PqI3xtCv8Hz7UOLadtV5snoFAZ7IBdsA8cUAdNcAZawAMYEHAD7sC9cWXcGg/GY1FaMj57tsEPGU8fAniQRg==</latexit><latexit sha1_base64="23wVSoF1xU/5rYo4QwVqEIAgp8k=">AAAB53icdVBNS8NAEN34WetX1aOXxSJ4CkmQtt6KXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbVpBRR8MPN6bYWZemHKmtON8WCura+sbm6Wt8vbO7t5+5eDwViWZpODThCeyGxIFnAnwNdMcuqkEEoccOuHkau537kEqlogbPU0hiMlIsIhRoo3UFoNK1bG9c6/WcHBB6m59QWo1D7u2U6CKlmgNKu/9YUKzGISmnCjVc51UBzmRmlEOs3I/U5ASOiEj6BkqSAwqyItDZ/jUKEMcJdKU0LhQv0/kJFZqGoemMyZ6rH57c/Evr5fpqBHkTKSZBkEXi6KMY53g+dd4yCRQzaeGECqZuRXTMZGEapNN2YTw9Sn+n/iefWG7bafavFymUULH6ASdIRfVURNdoxbyEUWAHtATerburEfrxXpdtK5Yy5kj9APW2yek440F</latexit>

n
<latexit sha1_base64="ng8aVqOsFq0kwt/4J0vEqcM5ZnA=">AAAB53icdZBNSwMxEIZn61ddv6oevQSL4KnsFmnrQSx68diCawttKdk028Zms0uSFUopePfiQcWrv8a7N/+N6a6Cir4QeHjfGTIzfsyZ0o7zbuUWFpeWV/Kr9tr6xuZWYXvnSkWJJNQjEY9k28eKciaop5nmtB1LikOf05Y/Pp/nrRsqFYvEpZ7EtBfioWABI1gbqyn6haJTKh+VKzUHpVB1qxlUKmXklpxUxdNX++QWABr9wlt3EJEkpEITjpXquE6se1MsNSOczuxuomiMyRgPacegwCFVvWk66AwdGGeAgkiaJzRK3e8dUxwqNQl9UxliPVK/s7n5V9ZJdFDrTZmIE00FyT4KEo50hOZbowGTlGg+MYCJZGZWREZYYqLNbWxzhK9N0f/glUvHJbfpFOtnkCkPe7APh+BCFepwAQ3wgACFO3iAR+vaureerOesNGd99uzCD1kvHxJdjtI=</latexit><latexit sha1_base64="DMK54U9vP8Y5lOhasNcgxzJ9S3Q=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwn7djJJMxMhBL6BG5cqLgVH8a9G/FtnCYKKnpg4OOce5l7b5AwKpVtvxulufmFxaXysrmyura+UdncupBxKjDxcMxi0Q2QJIxy4imqGOkmgqAoYKQTjE9neeeaCEljfq4mCfEjNOQ0pBgpbbV5v1K1LffArTVsmEPdqRdQq7nQsexc1eMX8yh5fjNb/crr5SDGaUS4wgxJ2XPsRPkZEopiRqbmZSpJgvAYDUlPI0cRkX6WDzqFe9oZwDAW+nEFc/d7R4YiKSdRoCsjpEbydzYz/8p6qQobfkZ5kirCcfFRmDKoYjjbGg6oIFixiQaEBdWzQjxCAmGlb2PqI3xtCv8Hz7UOLadtV5snoFAZ7IBdsA8cUAdNcAZawAMYEHAD7sC9cWXcGg/GY1FaMj57tsEPGU8fAniQRg==</latexit><latexit sha1_base64="DMK54U9vP8Y5lOhasNcgxzJ9S3Q=">AAAB53icdZDNSsNAFIUn9a/Gv6pLN4NFcBWSIG1diEU3LlswtlBDmUwn7djJJMxMhBL6BG5cqLgVH8a9G/FtnCYKKnpg4OOce5l7b5AwKpVtvxulufmFxaXysrmyura+UdncupBxKjDxcMxi0Q2QJIxy4imqGOkmgqAoYKQTjE9neeeaCEljfq4mCfEjNOQ0pBgpbbV5v1K1LffArTVsmEPdqRdQq7nQsexc1eMX8yh5fjNb/crr5SDGaUS4wgxJ2XPsRPkZEopiRqbmZSpJgvAYDUlPI0cRkX6WDzqFe9oZwDAW+nEFc/d7R4YiKSdRoCsjpEbydzYz/8p6qQobfkZ5kirCcfFRmDKoYjjbGg6oIFixiQaEBdWzQjxCAmGlb2PqI3xtCv8Hz7UOLadtV5snoFAZ7IBdsA8cUAdNcAZawAMYEHAD7sC9cWXcGg/GY1FaMj57tsEPGU8fAniQRg==</latexit><latexit sha1_base64="23wVSoF1xU/5rYo4QwVqEIAgp8k=">AAAB53icdVBNS8NAEN34WetX1aOXxSJ4CkmQtt6KXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbVpBRR8MPN6bYWZemHKmtON8WCura+sbm6Wt8vbO7t5+5eDwViWZpODThCeyGxIFnAnwNdMcuqkEEoccOuHkau537kEqlogbPU0hiMlIsIhRoo3UFoNK1bG9c6/WcHBB6m59QWo1D7u2U6CKlmgNKu/9YUKzGISmnCjVc51UBzmRmlEOs3I/U5ASOiEj6BkqSAwqyItDZ/jUKEMcJdKU0LhQv0/kJFZqGoemMyZ6rH57c/Evr5fpqBHkTKSZBkEXi6KMY53g+dd4yCRQzaeGECqZuRXTMZGEapNN2YTw9Sn+n/iefWG7bafavFymUULH6ASdIRfVURNdoxbyEUWAHtATerburEfrxXpdtK5Yy5kj9APW2yek440F</latexit>

Weak observables depend on a
low-energy constant: d̂R

<latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit>

d̂R
<latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit><latexit sha1_base64="q1xrLa0J2ANSNJrgy3g964AbZ3c=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx6rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/ncrK6tr6RnWztrW9s7tX3z94NCrXlPlUCaW7ETFMcMl84CBYN9OMpJFgnWh0M/U7T0wbruQDjDMWpmQgecIpASsFvSGBIp70i/tJv95wm+4MeJl4JWmgEu1+/asXK5qnTAIVxJjAczMIC6KBU8EmtV5uWEboiAxYYKkkKTNhMTt5gk+sEuNEaVsS8Ez9PVGQ1JhxGtnOlMDQLHpT8T8vyCG5DAsusxyYpPNFSS4wKDz9H8dcMwpibAmhmttbMR0STSjYlGo2BG/x5WXinzWvmt7deaN1XaZRRUfoGJ0iD12gFrpFbeQjihR6Rq/ozQHnxXl3PuatFaecOUR/4Hz+ACJkkVo=</latexit>

Improved analysis (Roy-Steiner equations)
determined        couplings to 1% level.
We use this in currents and potential. 

⇡N
<latexit sha1_base64="kEEWHvPdURNwF8tKwiC1OoNce0o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56kgrGFNpTNdtIu3WzC7kYoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGS3005uetVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqLLIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXin9Wv6t79ea1xXaRRhiM4hlPw4AIacAtN8IEBh2d4hTdHOi/Ou/Mxby05xcwh/IHz+QOwCI4j</latexit><latexit sha1_base64="kEEWHvPdURNwF8tKwiC1OoNce0o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56kgrGFNpTNdtIu3WzC7kYoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGS3005uetVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqLLIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXin9Wv6t79ea1xXaRRhiM4hlPw4AIacAtN8IEBh2d4hTdHOi/Ou/Mxby05xcwh/IHz+QOwCI4j</latexit><latexit sha1_base64="kEEWHvPdURNwF8tKwiC1OoNce0o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56kgrGFNpTNdtIu3WzC7kYoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGS3005uetVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqLLIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXin9Wv6t79ea1xXaRRhiM4hlPw4AIacAtN8IEBh2d4hTdHOi/Ou/Mxby05xcwh/IHz+QOwCI4j</latexit><latexit sha1_base64="kEEWHvPdURNwF8tKwiC1OoNce0o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56kgrGFNpTNdtIu3WzC7kYoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGS3005uetVa27dnYEsE68gNSjQ7FW/uv2EZTFKwwTVuuO5qQlyqgxnAieVbqYxpWxEB9ixVNIYdZDPjp2QE6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqLLIOcyzQxKNl8UZYKYhEw/J32ukBkxtoQyxe2thA2poszYfCo2BG/x5WXin9Wv6t79ea1xXaRRhiM4hlPw4AIacAtN8IEBh2d4hTdHOi/Ou/Mxby05xcwh/IHz+QOwCI4j</latexit>

cD
<latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit>

c3,4
<latexit sha1_base64="XNJEGhZTUnOfBGvYirxxGg+4/HA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REC+qt6MVjBWMLbSib7bRdutmE3Y1QQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHt1O/+YRK81g+mHGCQUQHkvc5o8ZKTdbNLs5qk2654lbdGcgy8XJSgRyNbvmr04tZGqE0TFCt256bmCCjynAmcFLqpBoTykZ0gG1LJY1QB9ns3Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8qyLhMUoOSzRf1U0FMTKa/kx5XyIwYW0KZ4vZWwoZUUWZsQiUbgrf48jLxz6vXVe++Vqnf5GkU4QiO4RQ8uIQ63EEDfGAwgmd4hTcncV6cd+dj3lpw8plD+APn8wf+eY7h</latexit><latexit sha1_base64="XNJEGhZTUnOfBGvYirxxGg+4/HA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REC+qt6MVjBWMLbSib7bRdutmE3Y1QQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHt1O/+YRK81g+mHGCQUQHkvc5o8ZKTdbNLs5qk2654lbdGcgy8XJSgRyNbvmr04tZGqE0TFCt256bmCCjynAmcFLqpBoTykZ0gG1LJY1QB9ns3Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8qyLhMUoOSzRf1U0FMTKa/kx5XyIwYW0KZ4vZWwoZUUWZsQiUbgrf48jLxz6vXVe++Vqnf5GkU4QiO4RQ8uIQ63EEDfGAwgmd4hTcncV6cd+dj3lpw8plD+APn8wf+eY7h</latexit><latexit sha1_base64="XNJEGhZTUnOfBGvYirxxGg+4/HA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REC+qt6MVjBWMLbSib7bRdutmE3Y1QQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHt1O/+YRK81g+mHGCQUQHkvc5o8ZKTdbNLs5qk2654lbdGcgy8XJSgRyNbvmr04tZGqE0TFCt256bmCCjynAmcFLqpBoTykZ0gG1LJY1QB9ns3Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8qyLhMUoOSzRf1U0FMTKa/kx5XyIwYW0KZ4vZWwoZUUWZsQiUbgrf48jLxz6vXVe++Vqnf5GkU4QiO4RQ8uIQ63EEDfGAwgmd4hTcncV6cd+dj3lpw8plD+APn8wf+eY7h</latexit><latexit sha1_base64="XNJEGhZTUnOfBGvYirxxGg+4/HA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REC+qt6MVjBWMLbSib7bRdutmE3Y1QQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmhYng2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFUOfxSJWrZBqFFyib7gR2EoU0igU2AxHt1O/+YRK81g+mHGCQUQHkvc5o8ZKTdbNLs5qk2654lbdGcgy8XJSgRyNbvmr04tZGqE0TFCt256bmCCjynAmcFLqpBoTykZ0gG1LJY1QB9ns3Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8qyLhMUoOSzRf1U0FMTKa/kx5XyIwYW0KZ4vZWwoZUUWZsQiUbgrf48jLxz6vXVe++Vqnf5GkU4QiO4RQ8uIQ63EEDfGAwgmd4hTcncV6cd+dj3lpw8plD+APn8wf+eY7h</latexit>
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⌫µ
<latexit sha1_base64="qiu2iNLZdOdfOxgyi0quFE5giD8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0ku4TZySQZMjO7zEMIS77CiwcVr/6ON//GSbIHTSxoKKq66e5KMs608f1vr7Syura+Ud6sbG3v7O5V9w8edGoVoSFJearaCdaUM0lDwwyn7UxRLBJOW8noZuq3nqjSLJX3ZpzRWOCBZH1GsHHSYyRtN4+EnXSrNb/uz4CWSVCQGhRodqtfUS8lVlBpCMdadwI/M3GOlWGE00klsppmmIzwgHYclVhQHeezgyfoxCk91E+VK2nQTP09kWOh9VgkrlNgM9SL3lT8z+tY07+McyYza6gk80V9y5FJ0fR71GOKEsPHjmCimLsVkSFWmBiXUcWFECy+vEzCs/pVPbg7rzWuizTKcATHcAoBXEADbqEJIRAQ8Ayv8OYp78V79z7mrSWvmDmEP/A+fwCfJ5B8</latexit><latexit sha1_base64="qiu2iNLZdOdfOxgyi0quFE5giD8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0ku4TZySQZMjO7zEMIS77CiwcVr/6ON//GSbIHTSxoKKq66e5KMs608f1vr7Syura+Ud6sbG3v7O5V9w8edGoVoSFJearaCdaUM0lDwwyn7UxRLBJOW8noZuq3nqjSLJX3ZpzRWOCBZH1GsHHSYyRtN4+EnXSrNb/uz4CWSVCQGhRodqtfUS8lVlBpCMdadwI/M3GOlWGE00klsppmmIzwgHYclVhQHeezgyfoxCk91E+VK2nQTP09kWOh9VgkrlNgM9SL3lT8z+tY07+McyYza6gk80V9y5FJ0fR71GOKEsPHjmCimLsVkSFWmBiXUcWFECy+vEzCs/pVPbg7rzWuizTKcATHcAoBXEADbqEJIRAQ8Ayv8OYp78V79z7mrSWvmDmEP/A+fwCfJ5B8</latexit><latexit sha1_base64="qiu2iNLZdOdfOxgyi0quFE5giD8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0ku4TZySQZMjO7zEMIS77CiwcVr/6ON//GSbIHTSxoKKq66e5KMs608f1vr7Syura+Ud6sbG3v7O5V9w8edGoVoSFJearaCdaUM0lDwwyn7UxRLBJOW8noZuq3nqjSLJX3ZpzRWOCBZH1GsHHSYyRtN4+EnXSrNb/uz4CWSVCQGhRodqtfUS8lVlBpCMdadwI/M3GOlWGE00klsppmmIzwgHYclVhQHeezgyfoxCk91E+VK2nQTP09kWOh9VgkrlNgM9SL3lT8z+tY07+McyYza6gk80V9y5FJ0fR71GOKEsPHjmCimLsVkSFWmBiXUcWFECy+vEzCs/pVPbg7rzWuizTKcATHcAoBXEADbqEJIRAQ8Ayv8OYp78V79z7mrSWvmDmEP/A+fwCfJ5B8</latexit><latexit sha1_base64="qiu2iNLZdOdfOxgyi0quFE5giD8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGcE0ku4TZySQZMjO7zEMIS77CiwcVr/6ON//GSbIHTSxoKKq66e5KMs608f1vr7Syura+Ud6sbG3v7O5V9w8edGoVoSFJearaCdaUM0lDwwyn7UxRLBJOW8noZuq3nqjSLJX3ZpzRWOCBZH1GsHHSYyRtN4+EnXSrNb/uz4CWSVCQGhRodqtfUS8lVlBpCMdadwI/M3GOlWGE00klsppmmIzwgHYclVhQHeezgyfoxCk91E+VK2nQTP09kWOh9VgkrlNgM9SL3lT8z+tY07+McyYza6gk80V9y5FJ0fR71GOKEsPHjmCimLsVkSFWmBiXUcWFECy+vEzCs/pVPbg7rzWuizTKcATHcAoBXEADbqEJIRAQ8Ayv8OYp78V79z7mrSWvmDmEP/A+fwCfJ5B8</latexit>

The muon-deuteron (doublet) capture rate can be measured to 1.5% 
precision (10x improvement), MuSun experiment: ”Calibrating the Sun”

• Experimental extraction of two-body weak LEC dR from a two-
nucleon process. Previously extracted from triton β-decay

• dR also enters in pp-fusion, the primary energy/neutrino source in 
the Sun and main sequence stars.

• The low-energy pp-fusion cross section cannot be measured on 
Earth, only inferred from theory.

• How large are the uncertainties in the theory relation between the 
muon-capture rate and the proton-proton fusion cross-section?

• dR appears also in neutrino-deuteron scattering (SNO detection 
mechanism), and in the leading 3NF.

ppFusion: ChiEFT [Marcucci PRL 2013], Pionless EFT [Kong PRC 2001, Butler PLB 2001, PLB Ando 2008, Chen PLB 2013] 
muD capture: ChiEFT [Ando PLB 2002, Adam PLB 2012, Marcucci PRL 2013], Experiment [Cargnelli 1989]
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ESTIMATING TRUNCATION ERRORS
In this talk
we stay at
NNLO

• Effective field theories are special since they, by construction, offer a handle 
on the systematic uncertainty due to excluded higher-order terms (physics.)

S. Wesolowski et al, J Phys G 43, 074001 (2016)
For more on Bayes and EFT, see e.g.: M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

• If we believe to have a convergent series, we can estimate the next term 

O = O0(c0Q
0 + c1Q

1 + c2Q
2 + ?Q3 + . . .)
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EFT expansion 
parameter

R. J. Furnstahl et al, Phys. Rev. C 92, 024005 (2015)

For the expansion coefficients we assume iid and a boundless uniform prior distribution

Figure by R. Machleidt
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Order-by-order improvement of the capture rate:

Q =
m⇡

⇤�
⇠ 0.28 if ⇤� = 500MeV
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(75%-confidence) truncation error @NNLO = 4.6 s-1
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B. Acharya, AE, and L. Platter arXiv: 1806.09481v1 [nucl-th]

E. Epelbaum et al., Eur. Phys. J. A 51, 53 (2015)



LINKING THE CAPTURE RATE WITH PP-FUSIONµd
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R. J. Hill, et al. Rept. Prog.Phys. 81 (2018) no.9, 096301
A. S. Meyer, et al. PRD 93, 113015 (2016)
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Black line correlates the capture 
rate with the pp-Sfactor via cD

New analyses* of neutrino-nucleon scattering 
yield a larger uncertainty of the axial radius, at 
least (rA)2=0.45(16) fm2

* Weighted ave. of z-exp of neutrino-nucleus data & MuCap exp + ChPT coupling gP

0.46(22) fm2
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The axial radius error is an important error term.

2% truncation 
error

NNLO value from 
triton β-decay

1.5 % axial
radius error

B. Acharya, AE, and L. Platter arXiv: 1806.09481v1 [nucl-th]

Together with improved experiments (and lattice 
QCD ?) we can learn how the nuclear Hamiltonian 
correlates electroweak observables.

C. C. Chang, et al. Nature (2018)

cD
<latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit><latexit sha1_base64="ggiXCA0j/P8U+aEOESQwQfIfswg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FPXisaGyhDWWznbRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZemAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0NfVbj6g0T+S9GacYxHQgecQZNVa6Y73rXrXm1t0ZyF/iFaQGBZq96me3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JklT6JEmVLGjJTf07kNNZ6HIe2M6ZmqBe9qfif18lMdB7kXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb78l/gn9Yu6d3taa1wWaZThAA7hGDw4gwbcQBN8YDCAJ3iBV0c4z86b8z5vLTnFzD78gvPxDXZFjXI=</latexit>

⇤ = 500MeV
<latexit sha1_base64="H4DEy4chcIP6lySW465YzDD0Pe8=">AAAB/3icbVDLSgMxFM34rPU16sKFm2ARXEiZEUVdCEU3LhQqOG2hM5RMJtOGJpkhyQhlmI2/4saFilt/w51/Y/pYaOuBwOGcc7m5J0wZVdpxvq25+YXFpeXSSnl1bX1j097abqgkk5h4OGGJbIVIEUYF8TTVjLRSSRAPGWmG/euh33wkUtFEPOhBSgKOuoLGFCNtpI6969+acIQuTx3HP4K5Lzm8I42iY1ecqjMCnCXuhFTABPWO/eVHCc44ERozpFTbdVId5Ehqihkpyn6mSIpwH3VJ21CBOFFBPjqggAdGiWCcSPOEhiP190SOuFIDHpokR7qnpr2h+J/XznR8HuRUpJkmAo8XxRmDOoHDNmBEJcGaDQxBWFLzV4h7SCKsTWdlU4I7ffIs8Y6rF1X3/qRSu5q0UQJ7YB8cAhecgRq4AXXgAQwK8AxewZv1ZL1Y79bHODpnTWZ2wB9Ynz/YSZTX</latexit><latexit sha1_base64="H4DEy4chcIP6lySW465YzDD0Pe8=">AAAB/3icbVDLSgMxFM34rPU16sKFm2ARXEiZEUVdCEU3LhQqOG2hM5RMJtOGJpkhyQhlmI2/4saFilt/w51/Y/pYaOuBwOGcc7m5J0wZVdpxvq25+YXFpeXSSnl1bX1j097abqgkk5h4OGGJbIVIEUYF8TTVjLRSSRAPGWmG/euh33wkUtFEPOhBSgKOuoLGFCNtpI6969+acIQuTx3HP4K5Lzm8I42iY1ecqjMCnCXuhFTABPWO/eVHCc44ERozpFTbdVId5Ehqihkpyn6mSIpwH3VJ21CBOFFBPjqggAdGiWCcSPOEhiP190SOuFIDHpokR7qnpr2h+J/XznR8HuRUpJkmAo8XxRmDOoHDNmBEJcGaDQxBWFLzV4h7SCKsTWdlU4I7ffIs8Y6rF1X3/qRSu5q0UQJ7YB8cAhecgRq4AXXgAQwK8AxewZv1ZL1Y79bHODpnTWZ2wB9Ynz/YSZTX</latexit><latexit sha1_base64="H4DEy4chcIP6lySW465YzDD0Pe8=">AAAB/3icbVDLSgMxFM34rPU16sKFm2ARXEiZEUVdCEU3LhQqOG2hM5RMJtOGJpkhyQhlmI2/4saFilt/w51/Y/pYaOuBwOGcc7m5J0wZVdpxvq25+YXFpeXSSnl1bX1j097abqgkk5h4OGGJbIVIEUYF8TTVjLRSSRAPGWmG/euh33wkUtFEPOhBSgKOuoLGFCNtpI6969+acIQuTx3HP4K5Lzm8I42iY1ecqjMCnCXuhFTABPWO/eVHCc44ERozpFTbdVId5Ehqihkpyn6mSIpwH3VJ21CBOFFBPjqggAdGiWCcSPOEhiP190SOuFIDHpokR7qnpr2h+J/XznR8HuRUpJkmAo8XxRmDOoHDNmBEJcGaDQxBWFLzV4h7SCKsTWdlU4I7ffIs8Y6rF1X3/qRSu5q0UQJ7YB8cAhecgRq4AXXgAQwK8AxewZv1ZL1Y79bHODpnTWZ2wB9Ynz/YSZTX</latexit><latexit sha1_base64="H4DEy4chcIP6lySW465YzDD0Pe8=">AAAB/3icbVDLSgMxFM34rPU16sKFm2ARXEiZEUVdCEU3LhQqOG2hM5RMJtOGJpkhyQhlmI2/4saFilt/w51/Y/pYaOuBwOGcc7m5J0wZVdpxvq25+YXFpeXSSnl1bX1j097abqgkk5h4OGGJbIVIEUYF8TTVjLRSSRAPGWmG/euh33wkUtFEPOhBSgKOuoLGFCNtpI6969+acIQuTx3HP4K5Lzm8I42iY1ecqjMCnCXuhFTABPWO/eVHCc44ERozpFTbdVId5Ehqihkpyn6mSIpwH3VJ21CBOFFBPjqggAdGiWCcSPOEhiP190SOuFIDHpokR7qnpr2h+J/XznR8HuRUpJkmAo8XxRmDOoHDNmBEJcGaDQxBWFLzV4h7SCKsTWdlU4I7ffIs8Y6rF1X3/qRSu5q0UQJ7YB8cAhecgRq4AXXgAQwK8AxewZv1ZL1Y79bHODpnTWZ2wB9Ynz/YSZTX</latexit>

2018-10-29 NTSE-2018, Daejeon



2018-10-29 NTSE-2018, Daejeon

From few- to many-nucleon systems with chiral interactions
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From few- to many-nucleon systems with chiral interactions

(“From a few challenges to many more challenges” )

- The likelihood/model becomes tremendously 
more expensive to evaluate

- We know very little about the EFT truncation 
error in atomic nuclei

- The theory method (coupled cluster, shell model, ...)
error is largely unknown, although ab initio methods
is somewhat systematic (‘rules of thumb’)



Simultaneous optimization of the chiral NN+NNN 
interaction at NNLO to charge radii and binding 
energies of 3H, 3,4He, 14C,  16O and binding energies 
of  22,24,25O and NN-data  (TLab <35 MeV). 

ACCURATE BINDING ENERGIES AND RADII FROM A CHIRAL INTERACTION 

AE, et al. Phys. Rev C 91, 051301(R) (2015)
48Ca weak size prediction G. Hagen, et al. Nature Physics 12, 186–190 (2016)

Ab initio theory gives ~15% too small charge radii

NTSE-2018, Daejeon2018-10-29



Δ-ISOBARS AND NUCLEAR SATURATION

Proximity of the delta resonance 
motivates to explicitly including it 

in the effective Lagrangian.

More natural values for the LECs! 
But also more LECs and diagrams 

(quite extensive N3LO).

(Ordoñez, Ray, van Kolck 1994) (Hemmert, Holstein, Kambor 1998)
(Kaiser, Gerstendorfer, Weise 1998) (Krebs, Epelbaum, Meissner 2007) (Krebs, Gasparyan, Epelbaum 2018)

⇠ 2m⇡
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See also: M. Piarulli et al Phys. Rev. Lett. 120, 052503 (2018)
D. Logoteta et al. Phys. Rev. C 94, 064001 (2016) 
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Δ-ISOBARS AND NUCLEAR SATURATION

Proximity of the delta resonance 
motivates to explicitly including it 

in the effective Lagrangian.

More natural values for the LECs! 
But also more LECs and diagrams 

(quite extensive N3LO).

(Ordoñez, Ray, van Kolck 1994) (Hemmert, Holstein, Kambor 1998)
(Kaiser, Gerstendorfer, Weise 1998) (Krebs, Epelbaum, Meissner 2007) (Krebs, Gasparyan, Epelbaum 2018)
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See also: M. Piarulli et al Phys. Rev. Lett. 120, 052503 (2018)
D. Logoteta et al. Phys. Rev. C 94, 064001 (2016) 

LECs in deltafull interaction at LO-NLO-NNLO 
optimized to reproduce few-nucleon (A≤4) data 
(binding energies, radii, phase-shifts) yields 
significantly improved saturation properties.

AE, et al. Phys. Rev C 97, 024332 (2018)

Coupled cluster calculations from ORNL 
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Sub-leading pi-N LECs precisely determined in 
recent and precise Roy-Steiner analysis.
D. Siemens et al. Physics Letters B 770 (2017) 27–34 

Determined from NCSM Egs(4He) & Rpt-p(4He)
n.b. only relevant at NNLO.

partial-wave NN scattering phase shifts of the Granada 
group up to 200 MeV scattering energy in the laboratory 
system. R. Navarro-Perez et al, Phys. Rev. C 88, 064002 (2013). 

A. Ekström et al. Phys. Rev. Lett. 110, 192502 (2013)
B. D. Carlsson et al. Phys. Rev. X 6, 011019 (2016)

Δ-FULL/LESS OPTIMIZATION STRATEGY

x? = argmin
x

f(x)
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Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131 (2013),

With AD

neglected EFT error the Δ-full/less optimizations
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Selected proton-proton phase shifts

The bands indicate the estimated EFT truncation
errors using a breakdown scale of 500 MeV.

As noticed already more than 10 yrs ago by H. Krebs
(H. Krebs et al, Eur. Phys. J. A 32, 127–137 (2007) )

The Δ improves agreement in many peripheral waves.

AE, et al. Phys. Rev C 97, 024332 (2018)
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SELECTED NEUTRON-PROTON PHASES

AE, et al. Phys. Rev C 97, 024332 (2018)



To study the effect of the delta in symmetric nuclear matter
we’ve computed nuclear matter with and without the delta,
while keeping everything else the same.  

2018-10-29 NTSE-2018, Daejeon
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Coupled cluster calculations from ORNL 
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Ongoing: optimization of the LECs in chiral interactions using 
information about the saturation properties in neutron matter and 
symmetric nuclear matter and properties of light nuclei (A<5)

Coupled cluster calculations from ORNL 

Important: when optimizing a 
theory to reproduce data it is 
important to incorporate sound 
estimates of the theory error(s) in 
order to avoid overfitting. This is a 
challenging problem .

NTSE-2018, Daejeon2018-10-29



HOW WELL SHOULD THE THEORY PERFORM?

Good fit OverfitUnderfit

TheoryData

NTSE-2018, Daejeon2018-10-29

Several exciting developments and available methods in statistics, computer science, and applied mathematics 
that will help us answer this and many other questions about theoretical modelling of the atomic nucleus! 

Talks online! ISNET-6: https://indico.gsi.de/event/7534/timetable/#20181011
Intro: Dick Furnstahl’s “Bayes for physicists”: https://github.com/furnstahl/Bayes_for_physicists
Other useful links: http://bayesint.github.io

NTSE-2018, Daejeon2018-10-29
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P (a|D, I) =
P (D|a, I)P (a|I)

P (D|I)

Bayes formulation of statistics offers a convenient method to guard against overfitting, to incorporating in prior
knowledge (naturalness, the EFT error scaling), and to quantitatively compare models to each other!

If you can do Markov Chain Monte Carlo sampling “of your system”, 
then you can afford it !

There exists also “discounted” versions where you instead get 
approximate (surrogate, artificially intelligent?) descriptions of your 
posterior.

Likelihood

Evidence (normalization)

Posterior
Prior

BAYESIAN INFERENCE

S. Wesolowski et al, J Phys G 43, 074001 (2016)
M. Schindler, D. Phillips, Ann. Phys. 324, 682 (2009) 

For more on Bayes and EFT:

Toolbox:

P (a1|D, I) =

Z
da2 . . . dakP (a|D, I)
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Marginalization

Model comparison (Bayes factors)
P (M1|D)

P (M2|D)
=

R
P (D|a,M1)P (a|M1)daR
P (D|b,M2)P (b|M2)db
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P (D|a, I) =
Z

dc⌫̄+1 . . . dc⌫maxP (D|c⌫̄+1 . . . c⌫max ,a, I)

⇥P (c⌫̄+1 . . . c⌫max |I)
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SAMPLING THE POSTERIOR DISTRIBUTION OF THE LECS

107 Samples
PT-MCMC

NN scattering S-wave 
phase shifts

NNLO contact-
interaction LECs

P (a|D, I) / P (D|a, I)P (a|I)
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2018-10-29

Next steps: Likelihood built from NN data
Include EFT covariance
Order-by-order analysis

P (D|a, I) = exp

⇢
�1

2
rT (⌃exp +⌃th)

�1r

�
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For work on EFT covariance matrices, see:
S. Wesolowski et al, arXiv 1808.08211 [nucl-th]
J. Melendez et al, ISNET-6 talk

The EFT error in BDC et al. PRX 6, 011019 (2016):
uncorrelated limit (i.e. as iid Gaussian error)
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PROPAGATING THE POSTERIORS DISTRIBUTIONS
Observables can be sampled from the posterior probability
distributions for the LECs

hO(a)i =

Z
daP (a|D, I)O(a) ⇡

1

N

NX

j=1

O(aj)
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MCMC samples 
{aj} according to 
the posterior pdf

107 Samples
PT-MCMC

2018-10-29

Deuteron properties
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PROPAGATING THE POSTERIORS DISTRIBUTIONS
Observables can be sampled from the posterior probability
distributions for the LECs
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MCMC samples 
{aj} according to 
the posterior pdf

107 Samples
PT-MCMC

Challenges: to take this kind of analysis to 
larger parameter spaces in a computationally 
efficient fashion, and try to assess the 
convergence behavior of the sampled posterior. 

Try to answers questions like:
How large is the EFT error in my observable ?
To which order should I go to describe data D ?
…

2018-10-29

Deuteron properties
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MCMC samples 
{aj} according to 
the posterior pdf

107 Samples
PT-MCMC

Challenges: to take this kind of analysis to 
larger parameter spaces in a computationally 
efficient fashion, and try to assess the 
convergence behavior of the sampled posterior. 

Try to answers questions like:
How large is the EFT error in my observable ?
To which order should I go to describe data D ?
…
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• The computational capabilities in ab initio nuclear physics exceed the accuracy of 
available interactions

• Chiral interactions are advantageous for analyzing low-energy nuclear physics with 
quantified uncertainties. But do we have an EFT of low-energy QCD yet ?

• The inclusion of the ∆-isobar in the nuclear interaction addresses some long-standing 
problems regarding nuclear saturation

• Our ongoing efforts to obtain ”precision nuclear physics”:
qQuantify systematic uncertainties in theoretical predictions using Bayesian statistics

qIncorporate EFT truncation errors, and possible prior knowledge, when fitting nuclear interactions. How do we 
represent the EFT truncation error in bound state observables of atomic nuclei ?

qExploit information from 3N scattering, and saturation properties of infinite matter when optimizing the LECs of 
chiral nuclear interactions. (opportunities with lattice QCD for EFT & EFT for lattice QCD)

qDemonstrate a connection between EFT(s) applied to nuclei and low-energy QCD (e.g. test power counting for 
RG invariance and predict finite nuclei)

qExplore the usefulness of emulators for leveraging expensive calculations 

Thank you for your attention !


