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[HIOIRSIE = Harmonic Oscillator Representation
of Scattering Equation.

[
Schroédinger equation H U, (E,I") — Eul (E,I’).
Wave function is expanded -
in infinite series of the U, (E, I’) = E a,, (E)Rnl (l’)
oscillator functions n=0

Infinite set l _ _
of algebraic equations E (Hnn 5nn'E)an'l (E)=0, n=0,1,...
=0

n is principal quantum number, | is orbital momentum, M is reduced mass.

h€2 s oscillator parameters.

I+1
. 2n! r r* ) 1
R, (r)=(-1 — =L | =
u(r)==1) \/rol"(n+l+3/2)(r0) exp( 2r02) V7
r,=+h/uQ, E=(g*/2)hQ - c.m. energy,

q = kr, — dimensionless momentum.




FIOIRSIE

. . . . . [ [ [
Infinite Hamiltonian matrix H = Tnn, + Vnn,

Non-zero kinetic energy , hQ
matrix elements increased T =—@n+l+3/2)
linearly with n : 2
T ' — 0 T . =T, = m\/ D(n+1+3/2
' n, (n’n ) nn+l — Tn+ln T _7 (n+ )(I’l+ + )
V! —decrease with n,n' —
~ V! ifnandn's N
Truncated potential matrix: vi =1 "m f

nn

0, ifnorn'>N




FIOIRSIE

Internal subspace P:
nsN, H=T+YV

External subspace Q
n>N, H=T

This is an exactly
solvable algebraic
problem!

And this looks like
a natural extension of SM
where both potential

and kinetic energies are truncated

Structure of the infinite

Hamiltonian:

T+V

parameters: N, hQ



[AIOIRSIE
NZ(E) GNN (E) N N+1 N+1,l (E)

Phase shift: tano(E)=—
NZ(E) GNN (E) NN+l N+1,Z(E)

Regular and irregular oscillator solutions

2r,n! g
S E _ 0 [+1 ex _1 Ll+1/2 2 :

' 2
C (E)= 21y r(1+1/2) exp| —L |D(-n-1-1/2,-1+1/2:4%) .
I'(n+l+3/2) 7 q 2

ESnl (E)R,(r)= kr Jy(kr),

E=L 1o
Ean (E)R,,(r)— —\/:kr n (kr). 2
N /
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S (E)=Gu(ETS .Sy (E
Phase shift tancS(E)=— Nl( ) NN( )N,N+1 N+1,l( )

CNl (E ) — GNN (E )T]\l/,N+1CN+1,l (E )

are eigenvalues and
[ E, <n | V> (v=0,1,...,N) } corresponding eigenvectors
of the truncated Hamiltonian

N
P-subspace: E Hfm, <n' I v> =F <n I v>, n=<N
n'=0

So, to calculate phase shift within the HORSE we need to know the
results of the full diagonalization of the Hamiltonian, what is impossible
in the large scale NCSM calculations



Single Staie (S8) IROIRSIE

CNl (E ) — GNN (E )T]\l/,N+1CN+1,l (E )

v=0 v

SN+1,I (Ev)
CN+1,l (Ev)

_ 1. summation over the base states disappears
Important. 2. dependence from eigenvectors disappears
The phase shift is determined only by E,

E=E,: §E,)=-tan"

Calculating a set of eigenenergies E,, with different hQ)
and N, we obtain a set of ,(E) values which we can
approximate by a smooth curve at low energies.

SS HORSE can be used in all approaches that use
the oscillator basis, including NCSM.



SS [HOIRSIE

Scailing property of low-energy scattering

From asymptotic behavior
of S, and C,, under condition  r__ PEROQ

[a(24ETs)

one can obtain 0, = tan
¥ (2 E / S) /
Here j, and n, are spherical Bessel and Neumann functions, and
nQ
S = — scailing parameter
(2N +1+7/2)

Scailing:

phase shift depends not on the N and h{) alone,
but depends on their combination s.



SS [HOIRSIE

1h S E J2VE /s
Scailing symbols : f = —arctan —N””( ) sl mmeE l( )
" Sy (E) n, (2\/E / s)
—— arctg[j(28)/n(20)]|
*--% N =10 |
x--x N= 5
-90 - +~+N= 3
N
& 180 e g
<
270+
—3600 o —— 1 5 ! . ; !



[RIOIRSIE: elharceel partcle Seatiering

J. M. Bang, A. |. Mazur, A. M. Shirokov, Yu. F. Smirnov and S. A. Zaytsey,

Ann. Phys. (N.Y.) 280, 299 (2000 .
Vnucl +VCZ, I"SR', R|>Rnucl

Auxiliary short-range potential V=
0, r<R'

Within HORSE one can calculate ¢ g _ _ Sn = GwTywaSvay
phase shift 5,Sh . Cyi = GNNTI\II,N+1CN+1,Z

WR'(jl’E) - WR'(nlaE)tan61Sh
W..(j.G)-W.(n,G,)tan 5"

Extension HORSE tano, = -

Quasi-Wronskian W.(j,F)= di[ Ji(kn) | F(n,kr) - j, (k”)di[Fl(ﬂ,k”)])
r r

jl(kr), nl(kr)
F(n.kr), G,(nkr) Besseland Neumann functions;

r=R'

) lezzez Coulomb functions;

L k Sommerfeld parameter.



S [ROIRSIE: elhereee pariecle

+ SS-HORSE

E=E,k: ¢ _ W (n, F)Sy o, (E) + Wi (), F))C 0, (E)
v ano, = —

Wy (n,,G)Sy 0 (E)+ W (),,G)Cy,, (E)

The phase shift is determined only by E,

. Scaling at Nalss |2E.
hQ2

§(E,)=—tan™'

-E(W,Z\/Ev/s)
_Gl(n,z,/Ev/s)




Partial scattering amplitude

S(E)-1_ expi2i0,(E)} -1
2ik 2ik
k2l

- kzl”ctgél(E) TR

Ji(E)=
E=1k>/2u

The effective radius function is represented as Taylor series in k?:

KM etgd (B) = ——+ 1k —Eigt 4
a 2 2

Below we use the approximation with 3 terms

k*"ctgd,(E) = 1 e ﬁk“
a 2 2



Partial scattering amplitude

Im(k) | bound, k-plane
ik % false
f(E) = S,(E)-1 b
2ik Q- T 2y
| X0 |

The poles | |
of the scattering *, ik, % k. Re(®
amplitude f VR S
and of the S-matrix | sonance
are the same. N0,

resonance pole: E =E, - i% (E-plane) or k,=k —iy (k- plane)
2 2
Er=h—(kf—y2), Lo oky
2u 2 2u



Partial scattering amplitude

kZI
Scattering amplitude SiI(E) =§‘k'2'l;1' c190 (E) = 'ik'zm‘i

--------------------

Auxiliary function:

. . k—k
L. D. Blokhintsev and D. A. Savin, Phys. p
Atom. Nucl. 79, 358 (2016) (k. —1y)
N~

F(E)sR(E)+i [ (EF)="—= E_(E_ll"/z)

Auxiliary function has no singularities at E = (E,-iT/2)
and can be expanded in a Taylor series in k? (energy)
as an effective radius function  k*"*'ctg8,(E)



Partial scattering amplitude

For the real and imaginary parts of auxiliary function one can obtain

(k*"ctg 8,-0,)(E-E,)-30T - o
(E-E,) +(T/2) 0, =Re|i(k, ~ir)"" |

L(kKeig 8,-0,)T +0,(E-E,) 0, =Im:i(kr—iy
(E-E) +(T/2)

RI(E)=

Iz(E)=

Functions R, and |, can be expanded in a Taylor series in k? (energy),
as an auxiliary function F,.

Functions R, and |, I(E)E-E,)= _lRZ (ENT -0,
are interrelated functions ’" 2 ’

So we can fit only one function: R, or |, .
But this relationship imposes certain restrictions
on the coefficients in the Taylor series.



Partial scattering amplitude

As appears, it is enough to approximate R, with help of second-
order polynomial R(? in powers of (E-E,)

R® = —%[—Q,. +w, (E=E,)+w,(E- Er)z]
From this parameterization 1 P
and the three term k*"ctgd(E) = ——+ Elk2 — EI k*
a

effective radius expansion
one can obtain expressions
for:

1
r r 5 2
scattering length _ElQr§+QiEr+(W1 —szr)(E,, +(['/2) )]

" y 2
effective radius = h—%[—Qi -2wE -w, (3Er2 -(T/ 2)2)]
u



Phase shift parametrization
Fitting procedure

We have a set of selected lowest energies E /() (i=1,2,3,...,d)
E " are calculated with different N®) and hQ().

From transcendent equation
CN+1,l (Eo) k21+1

SN+1,I(EO)
(E-E) +(T/2)

1
(E—Er)+§Ql.F

+Qr

=%[Qi —wl(E—Er)—wz(E—Er)z]

with fixed trial values of w,, w,, E. and T,
one can obtain a set of energies &(.

Final values of fitting parameters \/1

w,, W,, E, and [ are determined
by minimizing the functional



Phase shift parametrization

From transcendent equation with fitted values of w,, w,, E, and

e

(E-E) +(T/2)

(E—Er)+%QiF

Qr

=%[Ql. —w, (E=E,)-w,(E-E,)']

one can calculate dependence E(s).

RO|(E-E,) +(r/2) |+3QT
E-E,

With help of equation — k**'ctg §,=0, +

with fitted values of w.,, w,, E, and
we can calculate dependence O(E).



Phase shift parametrization:
charged particles

In the case of the scattering of charged particles the procedure for phase
shift parameterization is the same.

But instead of the usual k!
scattering amplitude H(E) = K Mictgd (E)— k2™
)
21
we use Coulomb modified = f"(E)= K —
scattering amplitude K, (k*)-2nk*"'H (77)(%)

and instead usual -
effective radius function k™" c1g0,(E)

we use Coulomb » 20
modified effective K,(k*)=k"(c,) { [ctg &,(k)~i]+ 277H(77)}
radius function. exp(27m) -1

H (1) =W (in)+Q2in)™ - In(in)



Meeel prololem

Scattering particle with reduced mass u= %m

nucl

vV - Yo
" l+exp|(r-R,)/ o]

V, =-43 MeV,
on Woods-Saxon V,=-40 MeV - fin’,

potential +(Z-§)l d V. R, =20 fm, a,=0.70 fm,

rdr1+exp[(r—R1)/al] R =15 fm, & =035 fn

well simulates NA scattering

There are two resonant states:

broad 1/2- (E=1.66 MeV, [=5.58 MeV)
narrow 3/2- (E,=0.837 MeV, =0.780 MeV)



/2 e'SENANCE

We calculated the energies of the lowest state E, by diagonalization
Hamiltonian matrix in the oscillator basis with N = 2,3,4,...,10 and
with values hQ from 2.5 MeV to 50 MeV (with step of 2.5 MeV).

. E, vs scailing parameters s
SS HORSE results S L

form a smooth line. 6F N=2 3/2 E
+ 3
But some results B ERS 4
(obtained in cases with - | P 5 N
. IR 6
small N at low energies _ | | 7
(low s) significantly = 4f 8 E
deviate from this = [, 18
smooth lines. 3k SS HORSE —

Symbols correspond :_ Syl
to SS HORSE calculations. | [ \.; J
Solid lines represent L/ DL
rezults of the fit. 0 1 2 3 4




71—
JEmn S/2dnesopance
6F | + 3
I l Selected dat
5F | 4 2 elected data are
Za | L i in the shaded area
= 0
= 3f o Many SS HORSE results are out
25 of the resonance region.
; Curves for exact phase shift
1

and fitted phase shift are 1

e i . s U ndistinguishable
hQ [MeV] . | | | |
120_— 3/2' ‘. _7 -
2 90+ ? t2
i 3
5 r 4
S 60 P 5
Symbols correspond to SS HORSE ; I g g
calculations of the lowest energy E,, - s
30 I / P 10 ]
Solid lines represent A TNz 8‘%0)
] O _ =(2-3)
rezults of the fit. 0 SN L |
0 1 2 4 5 6 7



10

N=2|
3 " g/2diesenance
P
T
> 9 ' Selected data are
| @ 10 _
é > in the shaded area
In the case N=2-3 the fitted
I Lk | phase shift is slightly shifted in
Fre==— | compare with exact phase shift.
03345 All SS HORSE results arc_e 1
hQ [MeV] out of the resonance region.

. . . ~ 120_ 3‘/2_| ' I.// T I | T I T I T I T ]
Fitting in the case of N=2-3 : IR S
predicts the correct behavior —T
of the curves E(hQ) at N=4,5,... z - X N=2 |

SO —— N=(2-10)| |
L 60k e - N=(2-3) | 4
Symbols correspond to SS HORSE = |
calculations of the lowest energy E,, ~ © |
30 -
Solid lines represent B/
rezults of the fit, 0 S | | |
0 1 2 4 5 6 7
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We calculated the energies of the lowest state E, by diagonalization
Hamiltonian matrix in the oscillator basis with N = 2,3,4,...,10 and
with values hQ from 2.5 MeV to 50 MeV (with step of 2.5 MeV).

E, vs scailing parameters s

207

N =5 -]
+ 7
s 7 1/2
SS HORSE results s- 50 1 -
form a smooth line. L | @ 15
=~ 17
> 19 :
> 10- | o 21 n
— I |—— SSHORSE 1
LU : "/
Symbols correspond o B .
to variational calculations. >
Solid lines represent 0 T
rezults of the fit. 0 1 2 3 4 5 6



207

— 2| T
S T) l2diesonance
151 5 %

| Y Selected data are
— 8
= 9 ¢ in the shaded area
= 10 ® 0
S8

Many SS HORSE results are out
of the resonance region.
Curves for exact phase shift

and fitted phase shift are 1
0 10 20 30 40 50  indisti :
7Q [MeV] indistinguishable
60 | — 1 T ]
1/2 o
ﬂ N=3
_ —— Exact
s p x N=2
3 + 3
230; b5 |-
Symbols correspond to SS HORSE - I; 6
calculations of the lowest energy E,. N=10 s
| ° 10
Solid lines represent -/ - %:8:5’) _
rezults of the fit. o o
0 5 10 15

E [MeV]



207

N=2|
3" s FESCRERNGCE
s 5
T
> 7 Selected data are
| ® 10 _
%10 in the shaded area
In the case N=2-3 the fitted
Sr EE L e phase shift is slightly shifted in
:/ ST compare with exact phase shift.
05 sy All SS HORSE results are 1
hQ [MeV] out of the resonance region.
oo——m——— 1
Fitting in the case of N=2-3 I 172 [ s Y
predicts the correct behavior —
of the curves E(hQ) at N=45,... z X N=2
= —— N=(2-10)
9 o 4 |___ S N=(2-3) | ]
Symbols correspond to SS HORSE =
calculations of the lowest energy E,, “
Solid lines represent
rezults of the fit. 0 | L L
0 5 10 15

E [MeV]



SS [RIOIRSIE rEsSullis

3/2
Resonance
E. MeV I' MeV | |a, fm3 r, fm-’ w, w, | | = keV

N=(2-3) || 1.016 0.861 -41.6 -1.031 | | 6.8210* -2.1310° 121
N=(2-4)|| 0.888 0.787 | | -53.6 -0.881 | |4.63 10 -1.07 10-° 268
N=(2-5)|| 0.882 0.785 | | -54.4 -0.871 | [4.4910“ -0.98 10-° 232
N=(2-10)| 0.848 0.777 | | -59.6 -0.806 | | 3.50 10 -0.28 10-° 181

exact 0.837 0.780 | | -61.7 -0.777

NOTE:

1. fast convergence of the method;
2. even if we use a minimum set of data (case N=(2-3))
we get reasonable results.




SS [RIOIRSIE rEsSullis

1/2-
Resonance
E. MeV I MeV a, fm3 r, fm- w, w, | | = keV
N=(2-3) || 1.37 5.38 -20.0 -0.126 | | 3.56 10> 4.88 10~ 121
N=(24) || 1.75 5.53 -15.5 -0.362 | | 4.71 10+ 1.8210° 268
N=(2-5) || 1.72 5.56 -15.8 -0.330 | | 4.57 10+ 2.4510° 232
N=(2-10)| 1.69 5.56 -16.1 -0.309 | | 4.46 10+ 2.8110° 121
exact 1.66 5.58 -16.3 -0.273




Meclel prelvienm (chareeel pariecle)

Scattering particle with reduced mass u=4m
on the same Vie = - Vo =43 MeV.
“ l+exp|(r-R,)/
Woods-Saxon p[( 0) 0] V,=-40 MeV - fin’,
potential +(T _ E) 1d V. R =20 fin, a,=0.70 fn,
rdr1+exp[(r—R1)/al] R =15 fm, a =035 fm
77, R
with Coulomb potential of _— if >R,
a uniformly charged sphere V() =+ , ,
224 (3 T | i <R
well simulates pa scattering 9) R12 :

There are two resonant states: broad 1/2- and narrow 3/2-



ChangEecipaiticles/24resonance

We calculated the energies of the lowest state E, by diagonalization
Hamiltonian matrix in the oscillator basis with N = 2,3,4,...,10 and
with values hQ from 2.5 MeV to 50 MeV (with step of 2.5 MeV).

E, vs scailing parameters s

N
o

Symbols correspond 2} .

to SS HORSE calculations. 1}?‘ E
Solid lines represent 7]
rezults of the fit. O() 1 2 3 4 5

SS HORSE results 9:_" N;2 | '_""""""/'_2
form a smooth line. -+ 3 3/2 7
But some results 8E < 4 _|/" E
(obtained in cases with 71 : g d!_zl'/ =
small N at low energies 6l Y 7 & E
(low s) significantly > 8 4 ]
O gf 9 .
deviate from this SO e 10 ej E
smooth lines. o 4 —— SSHORSE| & -
3
2
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ChangEecdipanticlel/2dresenance

We calculated the energies of the lowest state E, by diagonalization
Hamiltonian matrix in the oscillator basis with N = 2,3,4,...,10 and
with values hQ from 2.5 MeV to 50 MeV (with step of 2.5 MeV).

E, vs scailing parameters s
SS HORSE results [P .. B L ) B

) - N=2 - 2
form a smooth line. 201 F 3 1/2 7]
13 X
l +
| 6 +
157 v g + ’
L
= 100" ss -
LU L

Symbols correspond [ ;
to SS HORSE calculations. | &%

Solid lines represent ol
rezults of the the fit.
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SISIH @RS EfresiultsH(chaigedipalticle’s)

Efr-, F, wl, w27
MeV MeV ||[fm ™ 3MeV ! fm3MeV 2 |keV

[1]

Resonance 3/2~
N=(2-3) |1.89 146/ 9.88-10"* —2.54-107°|105
N=(2—-4) |1.74 1.42| 726-107* —1.15-10"°|208
N=(2-5) |1.73 1.42| 6.88-10"* —9.11-107°|182
N =(2-10) ||1.68 1.43| 5.60-10"* 4.80-10"" |134

exact 1.67 1.43

Resonance 1/27
N=(2-3) ||1.96 6.48 3.70-10"° 5.95-107° |168
N=(2-4) |[247 647| 490-107° 240-107° |148
N=(2-5) [[245 6.52| 4.82-107° 2.89-10° |131
N =(2—-10) |/2.43 6.53|| 4.73-107% 3.22-10°° | 85

exact

NOTE:

1. fast convergence of the method;

2. even if we use a minimum set of data (case N=(2-3))
we get reasonable results.



Slmnaly,

« SM states obtained at energies above thresholds can be
iInterpreted and understood.

« Parameters of low-energy resonances (resonant energy
and width) and low-energy phase shifts can be extracted
from results of conventional Shell Model calculations



Thank you!



