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Effective Lagrangian:

GB dynamics
Weinberg, Gasser, Leutwyler, …  

πN dynamics
Bernard-Kaiser-Meißner et al. Chiral Perturbation Theory

Q = momenta of particles or Mπ  ~ 140 MeV
breakdown scale Λb



Weinberg, van Kolck, Kaiser, EGM, …  
Nuclear forces

Park et al, Bochum-Bonn, JLab-Pisa
Nuclear currentsAuxilliary quantities (not observable):

More difficult to calculate than Feynman graphs 
(renormalizability, off-shell consistency…)
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Higher-order terms in the Hamiltonian „know“ about the choice made for the off-shell 
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Matching to the amplitude Kaiser et al.

Feynman graphs

define via matching

Are nuclear potentials well-defined (i.e. finite)?

UV finite

not necessarily 
UV finite

So far, it was always possible to renormalize nuclear forces by systematically 
exploiting their unitary ambiguity…

 Derivation of the nuclear forces

:

:uniquely defined 
on-the-energy 

shell

(arbitrary) off-shell 
extension

Higher-order terms in the Hamiltonian „know“ about the choice made for the off-shell 
extension (consistency...)



 Chiral expansion of the nuclear forces [W-counting]
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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(short-range loop contrib. still missing)
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all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

(preliminary)

— Electromagnetic and weak currents worked out to N3LO Krebs, Kölling, EE, Meißner;  Baroni, Pastori, Schiavilla et al.

— The derived forces and currents are consistent provided one uses dim. reg. for all loop integrals!
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the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

(preliminary)

parameter-free:
πΝ LECs from 
Roy-Steiner

— Electromagnetic and weak currents worked out to N3LO Krebs, Kölling, EE, Meißner;  Baroni, Pastori, Schiavilla et al.

— The derived forces and currents are consistent provided one uses dim. reg. for all loop integrals!



 Regularization of the long-range forces

— many-body methods require soft interactions,
— spurious deeply-bound states for Λ > Λcrit make calculations for A > 3 unfeasible…

it is crucial to employ a regulator that minimizes finite-Λ artifacts!

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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Nonlocal:

affect long-range interactions…

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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used in EE, Krebs, Meißner (EKM) ’15

— still an ad hoc procedure
— (technically) difficult to apply to 3NF and exchange currents

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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Reinert, Krebs, EE ’18;Local:

— Application to 2π exchange does not require re-calculating the corresponding diagrams:

reg.
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Elab bin ⇤ = 500 ⇤ = 600 ⇤ = 450 ⇤ = 500 ⇤ = 550 ⇤ = 450

neutron-proton scattering data

0 � 100 1.18 1.36 1.29 1.12 1.12 1.07
0 � 200 1.17 1.33 1.33 1.18 1.23 1.06
0 � 300 1.23 1.37 2.48 1.26 1.35 1.10

proton-proton scattering data

0 � 100 1.02 1.35 0.90 1.00 1.17 0.86
0 � 200 1.32 1.60 1.05 1.15 1.43 0.95
0 � 300 1.39 2.07 1.46 1.20 1.40 0.99

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 Nijm II

neutron-proton data

0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.07

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.11

proton-proton data

0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.83

0 � 200 MeV 1.28/1.55 1.34/0.97 0.95 0.96

0 � 300 MeV 1.37/2.04 1.46/1.18 0.99 1.03
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nV⇤, long(~r )

���
r=0

= 0

”�2/datum” (np, 0-200 MeV) = 1.8
R=1.2 fm ! 0.8

R=1.1 fm ! 0.6
R=1.0 fm ! 0.7

R=0.9 fm ! 0.8
R=0.8 fm ,

while the results for pp channels are:

”�2/datum” (pp, 0-200 MeV) = 8.2
R=1.2 fm ! 2.2

R=1.1 fm ! 0.6
R=1.0 fm ! 0.7

R=0.9 fm ! 2.1
R=0.8 fm .

5

does not affect long-range physics at any order in 1/Λ2-expansion 

[inspired by 
Thomas Rijken]

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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FIG. 16: (Color online) Neutron-proton S-, P-, D- and F-wave phase shifts and the mixing angles ✏1, ✏2 and ✏2 as obtained
at N4LO+ using the cuto↵ ⇤ = 450 MeV (red solid lines) in comparison with the Nijmegen [20] (solid dots) the Granada [92]
(blue open triangles) and Gross-Stadler [121] (green open squares) PWA. Light shaded bands show the estimated truncation
error as explained in appendix D. The shown uncertainties of the Nijmegen PWA correspond to systematic errors estimated
from the Nijm I, II and Reid93 potentials [110] as explained in Ref. [6].

and 0.15%, respectively.13 In both cases, the observed ⇤-dependence is smaller than the deviations from the very
precisely known experimental/empirical values listed in Table VIII. These deviations amount to ⇠ 0.015 fm2 and
⇠ 0.009 fm for Q and rd, respectively, and are comparable with the truncation errors for these quantities at N2LO,

namely �Q(3) = ±(0.005 . . . 0.011) fm2 (depending on the cuto↵) and �r(3)
d

= ±0.005 fm, which estimate the expected
size of N3LO contributions to these observables. This is fully in line with the fact that our calculations do not take
into account the relativistic corrections and contributions to the exchange charge operator at N3LO, see Ref. [33, 34]
for explicit expressions. Our results further indicate that starting from N3LO, the theoretical uncertainty for both
quantities is dominated by the one of the ⇡N LECs similarly to other low-energy observables considered in this and
previous sections. For both Q and rd, employing the ⇡N LECs from set 2 tends to increase the discrepancy with the
empirical numbers.

13
The smaller cuto↵ dependence of the deuteron radius reflects the long-range nature of this observable as opposed to that of Q.

— Clear evidence of the parameter-free chiral 2π exchange (Roy-Steiner LECs)! 
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Partial wave analysis of NN data

— Contacts at N4LO+: 2 [Q0] + 7 [Q2] + 12 [Q4] + 4 [F-waves, Q6] + IB; Gauss regulator



Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 73 2.2 1.23 1.08 1.08 1.07

0 � 200 MeV 62 5.4 1.77 1.09 1.08 1.06

0 � 300 MeV 75 14 4.4 1.99 1.18 1.10

proton-proton data

0 � 100 MeV 2300 10 2.1 0.91 0.88 0.86

0 � 200 MeV 1780 90 37 2.00 1.42 0.95

0 � 300 MeV 1380 88 41 3.42 1.67 0.99

Elab bin CD Bonn(43) Nijm I(41) Nijm II(47) Reid93(50) N
4
LO

+
(27+1), this work

neutron-proton scattering data
0 � 100 1.08 1.06 1.07 1.08 1.07
0 � 200 1.08 1.07 1.07 1.09 1.07
0 � 300 1.09 1.09 1.10 1.11 1.06

proton-proton scattering data
0 � 100 0.88 0.87 0.87 0.85 0.86
0 � 200 0.98 0.99 1.00 0.99 0.95
0 � 300 1.01 1.05 1.06 1.04 1.00
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χ2/datum for the description of the Granada-2013 database: χEFT vs. phenomenology
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N4LO+: semilocal (Reinert, Krebs, EE) vs. nonlocal (Entem, Machleidt, Nosyk)

Partial wave analysis of NN data

For the first time, chiral EFT potentials qualify for being regarded as PWA!
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Exp:
Rodning, Knutson ’90

statistical error variation of Emax

truncation error πN LECs

Example: deuteron asymptotic normalizations (relevant for nuclear astrophysics)

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton phase shifts
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton phase shifts
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.
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?The 1S0 partial wave has not been taken into account.
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Nijmegen PWA [errors are „educated guesses“]  Stoks et al. ’95

Granada PWA [errors purely statistical]  Navarro Perez et al. ’13
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Our determination:

 Error analysis P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88

Error analysis: statistical, truncation, πN LECs, fit energy. In most cases, the uncertainty is 
dominated by truncation errors. At N4LO & low energies, other errors become comparable. 



 Beyond the two-nucleon system
N2LO: tree-level graphs, 2 new LECs  

N3LO: leading 1 loop, parameter-free  
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form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.

II. PARTIAL WAVE DECOMPOSITION OF
LOCAL THREE-NUCLEON FORCES

A general translationally invariant 3NF can be ex-
pressed as a function of the Jacobi momenta p = k1�k2

2

and q = 2
3

⇥
k3 � 1

2 (k1 + k2)
⇤
, where ki denote the single

nucleon momenta (in the following equations we will first
suppress spin and isospin degrees of freedom):

V123 = V123(p,q,p
0
,q0). (1)

Here and in the following p and q (p0 and q0) denote
the Jacobi momenta of the initial (final) state. For local
interactions, however, the momentum dependence fur-
ther simplifies as such forces only depend on momentum
transfers, i.e. on di↵erences of Jacobi momenta:

V
loc
123 = V

loc
123(p

0 � p,q0 � q) ⌘ V
loc
123(p̃, q̃). (2)

Note that this statement refers to unregularized forces.
Below we will apply non-local regulators to the partial-
wave decomposed matrix elements. The regularization
will be discussed in more detail in Section III.

Generally, the decomposition of 3NFs in plane-wave
partial waves involves the evaluation of projection inte-
grals of the form

F
mLmlmL0ml0
LlL0l0 (p, q, p0, q0) =

Z
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dq̂0
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loc
123(p̃, q̃) (3)

for fixed values of p = |p|, q = |q|, p0 = |p0|, q0 = |q0|
and the angular momentum quantum numbers. By using
symmetries, it is possible to reduce the dimensionality of
the angular integrals from 8 to 5. Traditional methods
are based on a direct discretization and numerical evalu-
ation of these angular integrals [38, 39]. Due to the large
number of external quantum numbers and momentum
mesh points such algorithms require very large computa-
tional resources for calculating all matrix elements nec-
essary for many-body studies. As a result, the number
of matrix elements of chiral N3LO interactions were so
far insu�cient for studies of nuclei and matter. However,
it is possible to evaluate the basic function F defined in
Eq. (3) in a much more e�cient way by explicitly mak-
ing use of the local nature of the 3NFs. Indeed, using
rotation invariance of the potential V loc

123 we can write it
as a function of three independent variables:

V
loc
123(p̃, q̃) = V

loc
123(p̃, q̃, cos ✓p̃q̃), (4)

where

cos ✓p̃q̃ =
p̃ · q̃
p̃q̃

, p̃ = |p̃|, q̃ = |q̃|. (5)

This already shows that the original eight dimensional
integral contains actually only three non-trivial integra-
tions. The other five integrations, after employing some
integral transformations, which are described in the ap-
pendix, can be performed analytically. The final result
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form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.
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for fixed values of p = |p|, q = |q|, p0 = |p0|, q0 = |q0|
and the angular momentum quantum numbers. By using
symmetries, it is possible to reduce the dimensionality of
the angular integrals from 8 to 5. Traditional methods
are based on a direct discretization and numerical evalu-
ation of these angular integrals [38, 39]. Due to the large
number of external quantum numbers and momentum
mesh points such algorithms require very large computa-
tional resources for calculating all matrix elements nec-
essary for many-body studies. As a result, the number
of matrix elements of chiral N3LO interactions were so
far insu�cient for studies of nuclei and matter. However,
it is possible to evaluate the basic function F defined in
Eq. (3) in a much more e�cient way by explicitly mak-
ing use of the local nature of the 3NFs. Indeed, using
rotation invariance of the potential V loc

123 we can write it
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form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.
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2

and q = 2
3

⇥
k3 � 1

2 (k1 + k2)
⇤
, where ki denote the single

nucleon momenta (in the following equations we will first
suppress spin and isospin degrees of freedom):
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Here and in the following p and q (p0 and q0) denote
the Jacobi momenta of the initial (final) state. For local
interactions, however, the momentum dependence fur-
ther simplifies as such forces only depend on momentum
transfers, i.e. on di↵erences of Jacobi momenta:
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123(p̃, q̃). (2)

Note that this statement refers to unregularized forces.
Below we will apply non-local regulators to the partial-
wave decomposed matrix elements. The regularization
will be discussed in more detail in Section III.

Generally, the decomposition of 3NFs in plane-wave
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for fixed values of p = |p|, q = |q|, p0 = |p0|, q0 = |q0|
and the angular momentum quantum numbers. By using
symmetries, it is possible to reduce the dimensionality of
the angular integrals from 8 to 5. Traditional methods
are based on a direct discretization and numerical evalu-
ation of these angular integrals [38, 39]. Due to the large
number of external quantum numbers and momentum
mesh points such algorithms require very large computa-
tional resources for calculating all matrix elements nec-
essary for many-body studies. As a result, the number
of matrix elements of chiral N3LO interactions were so
far insu�cient for studies of nuclei and matter. However,
it is possible to evaluate the basic function F defined in
Eq. (3) in a much more e�cient way by explicitly mak-
ing use of the local nature of the 3NFs. Indeed, using
rotation invariance of the potential V loc

123 we can write it
as a function of three independent variables:
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123(p̃, q̃) = V

loc
123(p̃, q̃, cos ✓p̃q̃), (4)
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, p̃ = |p̃|, q̃ = |q̃|. (5)

This already shows that the original eight dimensional
integral contains actually only three non-trivial integra-
tions. The other five integrations, after employing some
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van Kolck ’94; EE et al ’02

Ishikawa, Robilotta ’08; Bernard, EE, Krebs, Meißner ’08, ’11 

Girlanda, Kievski, Viviani ’11; Krebs, Gasparyan, EE ’12,’13;  EE, Gasparyan, Krebs, Schat ’14 

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

cD cE

Determination of the LECs cD, cE

— Triton BE (cD-cE correlation)
— Explore various 3N observables and let theory and/or data decide…

  Determination of cD, cE at N2LO (preliminary)
It is common to require that the 3H BE is correctly reproduced       !
       it remains to determine only one LEC cD as cE = f(cD) 

LENPIC: Low Energy Nuclear Physics International Collaboration
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based on the EKM potential, 
R = 1.0 fm 

(cD, cE fixed from 3H BE and Nd scattering) More results in the talks by James Vary and Roman Skibinski
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 Intermediate summary

NN@N4LO+: accurate and precise

Few-N@N2LO: accurate but imprecise

? Few-N@N3,4LO (not yet available): 
precise, hopefully also accurate

challenge the theory! 
(consistency, error analysis)



 IB effects and precision few-N physics

CSB nuclear forces and the BE difference of 3H and 3He

Friar et al., PRC 71 (2005) 024003

Neutron-neutron scattering length from few-N reactions

IB and few-N’s: applications/open topics
Charge-symmetry-breaking nuclear forces and BE differences in 3He–3H

Friar et  al. PRC 71 (2005) 024003

Extraction of the neutron-neutron scattering length from few-N reactions
(Howell et al. ’98)

(Gonzales Trotter et al. ’99)

(Huhn et al. ’00)

— FSI cross section rather in-
sensitive to the choice of
NN interaction;

— np scattering length ex-
tracted in the same way
agrees with the data…

— 3NF effects seem to be
negligible;
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
This work was supported in part by the U.S. Depart-

ment of Energy, Office of High Energy and Nuclear
Physics, under Grant No. DE-FG02-97ER41033, by the
Maria Sklodowska-Curie II Fund under Grant No. MEN/
NSF-94-161, by the USA-Croatia NSF Grant No. JF129,
and by the European Community Contract No. CI1*-
CT-91-0894. The numerical calculations were per-
formed on the Cray T916 at the North Carolina
Supercomputing Center in Research Triangle Park,
North Carolina, and on the Cray T90 and T3E at the
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— FSI cross section rather in-
sensitive to the choice of
NN interaction;

— np scattering length ex-
tracted in the same way
agrees with the data…

— 3NF effects seem to be
negligible;
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
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tracted in the same way
agrees with the data…

— 3NF effects seem to be
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
This work was supported in part by the U.S. Depart-

ment of Energy, Office of High Energy and Nuclear
Physics, under Grant No. DE-FG02-97ER41033, by the
Maria Sklodowska-Curie II Fund under Grant No. MEN/
NSF-94-161, by the USA-Croatia NSF Grant No. JF129,
and by the European Community Contract No. CI1*-
CT-91-0894. The numerical calculations were per-
formed on the Cray T916 at the North Carolina
Supercomputing Center in Research Triangle Park,
North Carolina, and on the Cray T90 and T3E at the
Höechstleistungsrechenzentrum in Jülich, Germany.
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— FSI cross section rather in-
sensitive to the choice of
NN interaction;

— np scattering length ex-
tracted in the same way
agrees with the data…

— 3NF effects seem to be
negligible;
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
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 IB effects and precision few-N physics

CSB nuclear forces and the BE difference of 3H and 3He

Friar et al., PRC 71 (2005) 024003

Neutron-neutron scattering length from few-N reactions

IB and few-N’s: applications/open topics
Charge-symmetry-breaking nuclear forces and BE differences in 3He–3H

Friar et  al. PRC 71 (2005) 024003

Extraction of the neutron-neutron scattering length from few-N reactions
(Howell et al. ’98)

(Gonzales Trotter et al. ’99)

(Huhn et al. ’00)

— FSI cross section rather in-
sensitive to the choice of
NN interaction;

— np scattering length ex-
tracted in the same way
agrees with the data…

— 3NF effects seem to be
negligible;
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calculations agree well with existing data, we elected to
use calculated cross sections rather than experimental data
in the luminosity determination. This technique reduced
the sensitivity of our measurements to system deadtimes
and absolute detection efficiencies.
The width of the coincidence window in the event-

trigger circuit was 400 ns and allowed for the concurrent
measurements of true breakup events and events due to
the accidental coincidences between signals from the CD
and the neutron detectors. All events that satisfied conser-
vation of energy within 62 MeV were projected into 0.5-
MeV-wide bins along the point-geometry kinematic locus.
The distance along the kinematic curve of En1 versus En2,
where En1 and En2 are the energies of the two emitted neu-
trons, will be referred to as S. The value of S is set to zero
at the point where En2 ! 0 and increases as one moves
counterclockwise around the locus. The true + accidental
and accidental events were projected onto the ideal locus
separately. The projection was done using the minimum-
distance technique described by Finckh et al. [11]. The
true events were obtained by subtracting accidental from
true + accidental events.
The measured cross sections were compared to Monte

Carlo (MC) simulations that included the energy resolu-
tion and the finite geometry of the experimental setup.
The basis of these simulations was theoretical point-
geometry cross-section libraries generated for a range of
anp !ann" values at incident neutron energies of 12.8, 13.0,
and 13.2 MeV. The point-geometry cross sections were
obtained from transition matrix elements of the breakup
operator U0,

U0 ! !1 1 P"T̃ , (1)
where the T̃ operator sums up all multiple scattering
contributions through the three-nucleon (3N) Faddeev
integral equation,
T̃ jf# ! tPjf# 1 !1 1 tG0"V !1"

4 !1 1 P"jf#
1 tPG0T̃ jf# 1 !1 1 tG0"V !1"

4 !1 1 P"G0T̃ jf# .
(2)

Here G0 is the free 3N propagator, t is the NN t matrix,
and operator P is the sum of a cyclical and anticyclical
permutation of three nucleons. In the generation of the
libraries, the terms containing V4, the 3NF potential, were
set to zero.
The cross-section libraries were obtained using the

Bonn-B (OBEPQ) NN potential [12]. This potential is
fitted in the 1S0 state to the experimentally determined
value of anp . The charge-independence breaking in the
1S0 NN force is imposed by using for the 1S0 nn
force, the version of the Bonn-B potential [12] that
was fitted to pp data. To account for charge-symmetry
breaking in the calculations, the total 3N isospin T ! 3$2
admixture has been included [13]. For the purpose of this
analysis, modifications of the 1S0 NN interaction were
accomplished by adjusting the s-meson coupling constant
g2

s$4p [12]. In this way 1S0 np !nn" interactions with
different np !nn" scattering lengths were generated.

Simulated cross sections in comparison to our data for
28.0± are shown in Figs. 2 and 3 for several values of
anp and ann, respectively. A value of aNN and its sta-
tistical uncertainty were determined for each detector-pair
configuration using a single-parameter (either anp or ann)
minimum-x2 fit to the absolute cross-section data. The
results are given in Table I. The uncertainties listed in
Table I are statistical only. The systematic uncertainties
in our determinations are 60.8 fm for anp and 60.6 fm
for ann. Uncertainties in the neutron detector efficien-
cies and the integrated target-beam luminosity account for
about 80% of the systematic uncertainty.
We observed no significant angle dependence in anp ,

and the consistency in the ann data from one angle to
the next is statistically acceptable. Combining the statis-
tical and systematic uncertainties in quadrature, we ob-
tain anp ! 223.5 6 0.8 fm and ann ! 218.7 6 0.6 fm.
Our result for anp is in agreement with the value of anp
(223.748 6 0.009 fm [8]) obtained from free np scat-
tering measurements. We use this result to set an up-
per limit on the influence of 3NF on the value of NN
scattering lengths determined from our experiment, i.e.,
Da3NF

np # and
np 2 a

free
np ! 0.2 6 0.8 fm, where free and

nd refer to values obtained from data for free np scatter-
ing and from nd breakup, respectively. This result is con-
sistent with zero. Scaling our result for anp by the ratio of
ann to anp , we obtain the upper limit due to 3NF effects
in the nd breakup reaction to be Da3NF

nn # 0.2 6 0.6 fm,
which is also consistent with zero.
We estimated possible effects of 3NF on np FSI cross

sections using the TM 3NF model. The calculations were
performed by solving Eq. (2) using four modern NN po-
tentials: AV18 [3], CD Bonn [14], NijmI, and NijmII [15].

FIG. 2. Cross sections for unp ! 28.0± !un1 ! 28.0±, un2 !
83.5±, f12 ! 180±". The points are the data from this work.
The curves are MC simulations based on nd calculations made
with four values of anp : 222.0, 223.0, 223.75, and 225.0 fm.
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FIG. 3. Cross sections for unn ! 28.0± !un1 ! un2 !
28.0±, f12 ! 0±". The points are the data from the present
work. The curves are MC simulations based on nd calculations
made with three values of ann: 217.7, 218.0, and 219.0 fm.

In each calculation the 2p-exchange TM 3NF potential
[7] was included as V4, which was split into three parts
where each one was symmetrical under the exchange of
two particles. In our calculations the strong cutoff pa-
rameter L in the TM 3NF model was adjusted separately
for each NN potential to reproduce the experimental triton
binding energy [16]. For details of the formalism and the
numerical treatment refer to Refs. [10,17]. At all angles
and for all potentials the change in the calculated cross
section due to the addition of the TM 3NF never exceeds
6%. For the np FSI production angles of the present ex-
periment, the cross-section difference is between 1% and
4%, which corresponds to a theoretical range of !Da3NF

np "th
from 20.8 to 20.2 fm. Our experimentally determined
Da3NF

np is within two standard deviations of the predic-
tions using any of the four NN potentials with the TM
3NF adjusted to fit the triton binding energy.
In summary, our measured values are anp ! 223.5 6

0.8 fm and ann ! 218.7 6 0.6 fm. Magnetic interac-

TABLE I. The anp and ann values extracted from the fit to
the present data for the absolute NN FSI cross section in nd
breakup at the angles measured in the present study. The x2

per datum for the best is given at each angle. The weighted
mean of the data for all angles is given in the bottom. All un-
certainties are statistical only.

anp 6 Danp ann 6 Dann
uNN (fm) x2#pt (fm) x2#pt
43.0± 223.6 6 0.3 2.1 218.8 6 0.4 1.5
35.5± 223.2 6 0.3 2.7 217.7 6 0.4 0.6
28.0± 223.7 6 0.3 3.0 218.8 6 0.2 0.1
20.5± · · · · · · 218.9 6 0.2 0.8
Mean 223.5 6 0.2 2.6 218.7 6 0.1 0.6

tions were not considered in our analysis. Their possible
effects [18] have to be studied. By comparing our results
for anp to the recommended value from np free scattering
and scaling by the ratio of ann to anp , we set an upper limit
of Da3NF

nn ! 0.2 6 0.6 fm on the contribution of 3NF ef-
fects on our value of ann. Although the experimental re-
sults suggest an opposite sign for Da3NF

np than predicted
using the TM 3NF, our value is consistent with the theo-
retical predictions within the reported uncertainties. Since
our value for anp obtained from nd breakup agrees with
that from free np scattering, we conclude that our investi-
gation of the nn FSI done under identical conditions should
lead to a valid measure of ann. Our value for ann is in
agreement with the recommended value [2], which comes
from p2d capture measurements, and disagrees with val-
ues obtained from earlier nd breakup studies [1].
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Can reproduce 2and using ann ~ —16.5 fm!  Alternatives (3NF beyond N2LO, IB effects) need to be checked.

Can one then still understand the BE differences of mirror nuclei?

   N4LO+ + 3NF@N2LO
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The difference (-0.4%) to                                               has to come from MECs + relativity
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Point-proton radii of light nuclei
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Point-proton radius of 16O: off by ~15% based on N4LO+ + 3NF@N2LO  (preliminary…)
MECs + relativity + 3NF beyond N2LO + 4NF ??
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Point-proton radius of 16O: off by ~15% based on N4LO+ + 3NF@N2LO  (preliminary…)
MECs + relativity + 3NF beyond N2LO + 4NF ??
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Point-proton radii of light nuclei
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 Towards consistent 3NF and MECs
Regularization of the 3NF, 4NF and MEC at N3LO and beyond is nontrivial!
Standard approach: Take expressions obtained in DR and multiply with some cutoff: finite-Λ 
artifacts are expected to be removed by contacts terms (adjusted to data). Is it true?
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Towards consistent 3NF and MECs
Regularization of the 3NF, 4NF and MEC at N3LO and beyond is nontrivial!
Standard approach: Take expressions obtained in DR and multiply with some cutoff: finite-Λ 
artifacts are expected to be removed by contacts terms (adjusted to data). Is it true?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Towards consistent 3NF and MECs
Regularization of the 3NF, 4NF and MEC at N3LO and beyond is nontrivial!
Standard approach: Take expressions obtained in DR and multiply with some cutoff: finite-Λ 
artifacts are expected to be removed by contacts terms (adjusted to data). Is it true?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 

~k ' 0

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l

(2⇡)3
l2 � q2

!+!�(!+ + !�)

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l1

(2⇡)3
d3l2

(2⇡)3
(2⇡)3�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

V (Q2)
2⇡ (~q ) /

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

=
Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2

[!2
1 + �2][!2

2 + �2]

�!

Z
dµ2

1dµ
2
2

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2 ⇢(µ1) ⇢(µ2)

[(~l21 + �2) + µ2
1][(

~l22 + �2) + µ2
2]

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
!2

+ + 4�2
i h
!2

� + 4�2
i ⇥ . . .

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
(~q +~l)2 + 4M2

⇡
+ 4�2

i h
(~q �~l)2 + 4M2

⇡
+ 4�2

i ⇥ . . .

V (q) =
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
+ . . . �! V⇤(q) = e� q2

2⇤2
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
e� µ2

2⇤2 + . . . .

V (Q2)
2⇡ / g2

A

1

This is NOT true anymore beyond the NN system! 

(a) (b) (c) (d)

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D

1

1S0
p
2
p
02 + D

2

1S0
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D

1

3S1
p
2
p
02 + D

2

3S1
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D
1

✏1
p
2
p
02 + D

2

✏1
p
4

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p

1

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/
q
a

3
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D

1

1S0
p
2
p
02 + D

2

1S0
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D

1

3S1
p
2
p
02 + D

2

3S1
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D
1

✏1
p
2
p
02 + D

2

✏1
p
4

1

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

~q3

cD

/
q
a

3
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

1

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

~q3

cD

/
q
a

3
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

1

should be independent 
on π-parametrization

Feynman diagram

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

~q3

cD

/
q
a

3
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

1

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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0
, v

0
, v̇

0
, s

0
, ṡ
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W +

Z
d
3
x

⇣
i[W,R

v

0
(~x)] · ✏V (~x, t) + i[W,R

v

1
(~x)] · ✏̇V (~x, t) + i[W,R

a

0
(~x)] · ✏A(~x, t)

+i[W,R
a

1
(~x)] · ✏̇A(~x, t) + R

v

0
(~x) · ✏̇V (~x, t) + R

v

1
(~x) · ✏̈V (~x, t) + R

a

0
(~x) · ✏̇A(~x, t) + R

a

1
(~x) · ✏̈A(~x, t)

⌘
,

1

f
2

p
⌘ f⇡0ppf⇡0pp, f

2

0
⌘ �f⇡0nnf⇡0pp, 2f2

c
⌘ f⇡�pnf⇡+np

/ g
6

A

�tot = 51.4LO � 3.0NLO + 1.7N2LO + 0.5N3LO + 0.4N4LO + 0.1N4LO+ = 51.10(12)(39)(19)(6)

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

/ ⇤ q
a

1
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ q
a

3
q
b

3
(~q 2

3
+ M

2

⇡
)�1

/ ⇤
q
a

1
q
b

3

~q 2

3
+ M2

⇡

/ ⇤
⇤ q

a

1
q
b

3

~q 2

3
+ M2

⇡

(�m)str (�m)em �m gA/m ~p
2
/m

51.65 ± 0.42 mb

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D1S0 p

2
p
02 + D

o↵

1S0
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D3S1 p

2
p
02 + D

o↵

3S1
(p2

� p
02)2

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D✏1 p
2
p
02 + D

o↵

✏1
p
2(p2

� p
02)

h
1
S0, p

0
|Vcont|

1
S0, pi = C̃1S0 + C1S0(p

2 + p
02) + D

1

1S0
p
2
p
02 + D

2

1S0
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
S1, pi = C̃3S1 + C3S1(p

2 + p
02) + D

1

3S1
p
2
p
02 + D

2

3S1
(p4 + p

04)

h
3
S1, p

0
|Vcont|

3
D1, pi = C✏1p

2 + D
1

✏1
p
2
p
02 + D

2

✏1
p
4

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p

1

,

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Towards consistent 3NF and MECs
Regularization of the 3NF, 4NF and MEC at N3LO and beyond is nontrivial!
Standard approach: Take expressions obtained in DR and multiply with some cutoff: finite-Λ 
artifacts are expected to be removed by contacts terms (adjusted to data). Is it true?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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0
, p

0
, ṗ
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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Renormalization of the iteration requires χ-symmetry breaking counter terms!

Hermann Krebs, EE, in preparation



 Towards consistent 3NF and MECs
Regularization of the 3NF, 4NF and MEC at N3LO and beyond is nontrivial!
Standard approach: Take expressions obtained in DR and multiply with some cutoff: finite-Λ 
artifacts are expected to be removed by contacts terms (adjusted to data). Is it true?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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0
, p

0
, ṗ
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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Renormalization of the iteration requires χ-symmetry breaking counter terms!
2π-1πThe problematic divergence cancels out if V3N     is calculated using cutoff regularization. 

Regularization of V3N must be consistent to maintain matching (of finite pieces). 

Irrelevant for V2N: momentum dependence of 2N contacts is not constrained by χ-symm.

Can one enforce renormalizability of V3N (i.e. remove problematic divergences) by syste-
matically exploiting unitary ambiguities? This indeed seems to be possible!

Hermann Krebs, EE, in preparation



 Regularization and the chiral symmetry
The same problems affect loop contributions to the exchange charge/current operators.

Is it enough to recalculate all loop contributions to the 3NF/exchange currents by modifying 
the pion propagators via                                                                                            ?
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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should be independent 
on π-parametrization

Not quite…  Have to ensure that regularization maintains 
the chiral symmetry.
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is independent on α in DR, but not
of one uses (naive) cutoff regularizationAll observables should be α-independent. 
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 Regularization and the chiral symmetry
The same problems affect loop contributions to the exchange charge/current operators.

Is it enough to recalculate all loop contributions to the 3NF/exchange currents by modifying 
the pion propagators via                                                                                            ?
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Solution: higher-derivative regularization [Slavnov, Nucl. Phys. B31 (1971) 301]

(designed to coincide with the employed local regularization in the NN sector)
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Requires recalculation of the loop contributions to the 3NF/exchange currents (in progress)

Hermann Krebs et al.
(preliminary)

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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is independent on α in DR, but not
of one uses (naive) cutoff regularizationAll observables should be α-independent. 

+



Naive regularization of 3NF and MECs, calculated using DR, should NOT be 
applied beyond N2LO!

 Summary and outlook

Need to recalculate loop contributions to 3NF and MECs using regularization 
which maintains the chiral symmetry and is consistent with the NN force
(in progress…)

Thanks to:

— my Bochum collaborators on these topics: 
Vadim Baru, Arseniy Filin, Ashot Gasparyan, Hermann Krebs, 
Patrick Lipka, Daniel Möller, Patrick Reinert

— Ulf Meißner, Andreas Nogga and the whole LENPIC

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

Precision calculations of few-N systems at  N3,4LO will challenge chiral EFT!
(especially in the 3N continuum — talk by Kimiko Sekiguchi)  





 NN data analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]

Convergence of the chiral expansion for np phase shifts
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FIG. 15: (Color online) Deuteron wave functions in coordinate space based on the SMS N4LO+ potentials of this work (left
panel) and N4LO+ potentials of Ref. [8] (right panel). Black dotted, brown dashed, red solid, blue dashed-dotted and green
dashed-double-dotted lines show the results obtained using the cuto↵s ⇤ = 350, 400, 450, 500 and 550 MeV, respectively.

TABLE IX: Predictions for the asymptotic S state normalization AS and asymptotic D/S state ratio ⌘ at N4LO+ for the cuto↵
values of ⇤ = 400, 450, 500 and 550 MeV. The first uncertainty is statistical, the second one corresponds to the truncation
error at N4LO, the third one estimates the sensitivity to the ⇡N LECs while the last uncertainty reflects the sensitivity to
the choice of the maximum energy in the fits as explained in the text. The statistical uncertainty of AS is calculated from
the corresponding allowed variation of the �2/datum as described in section VII E 1. For ⌘, the estimations are based on the
quadratic approximation in Eq. (7.88) along with the corresponding covariance matrices.

⇤ = 400 MeV ⇤ = 450 MeV ⇤ = 500 MeV ⇤ = 550 MeV Empirical

AS (fm�1/2) 0.8847(+3)
(�3)(6)(4)(4) 0.8847(+3)

(�3)(3)(5)(1) 0.8849(+3)
(�3)(1)(7)(0) 0.8851(+3)

(�3)(3)(8)(1) 0.8846(8) [117]

⌘ 0.0255(+1)
(�1)(1)(3)(2) 0.0255(+1)

(�1)(1)(4)(1) 0.0257(+1)
(�1)(1)(5)(1) 0.0258(+1)

(�1)(1)(5)(1) 0.0256(4) [118]

by the Granada group of Ref. [92], which quotes the values of AS = 0.8829(4) fm1/2 and ⌘ = 0.02493(8) (where the
uncertainties are of the purely statistical nature). The systematics of the various error sources of AS and ⌘ with
respect to the cuto↵ variation appears to be similar to the one discussed in section VII F in the context of the e↵ective
range parameters. Notice that in spite of a significant dependence of AS and ⌘ on the values of the ⇡N LECs, it
is not possible to discriminate between the di↵erent sets given the accuracy of the empirical values (and statistical
and truncation uncertainties of our results). We do not quote the uncertainty for the remaining deuteron properties
either because they are not observable (hTkini, PD) or since our present calculations of them are incomplete (rd, Q).
Interestingly, these features are also clearly reflected in the cuto↵ variation for these quantities, which reaches ⇠ 23%
(⇠ 40%) for hTkini (PD) for ⇤ = 350� 550 MeV. For Q and rd, the cuto↵ variation is smaller and amounts to ⇠ 4%

 Description of the scattering data

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 Nijm II

neutron-proton data

0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.07

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.11

proton-proton data

0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.83

0 � 200 MeV 1.28/1.55 1.34/0.97 0.95 0.96

0 � 300 MeV 1.37/2.04 1.46/1.18 0.99 1.03

Elab bin LO NLO N
2
LO N

3
LO N

4
LO N

4
LO

+

neutron-proton scattering data

0 � 100 73 2.2 1.2 1.08 1.08 1.07
0 � 200 62 5.4 1.8 1.09 1.08 1.06
0 � 300 75 14 4.4 1.99 1.18 1.10

proton-proton scattering data

0 � 100 2300 10 2.1 0.91 0.88 0.86
0 � 200 1780 91 33 2.00 1.42 0.95
0 � 300 1380 89 38 3.42 1.67 0.99
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2 LECs + 7 + 1 IB LECs + 12 LECs + 1 LEC (np) + 4 LEC
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FIG. 15: (Color online) Deuteron wave functions in coordinate space based on the SMS N4LO+ potentials of this work (left
panel) and N4LO+ potentials of Ref. [8] (right panel). Black dotted, brown dashed, red solid, blue dashed-dotted and green
dashed-double-dotted lines show the results obtained using the cuto↵s ⇤ = 350, 400, 450, 500 and 550 MeV, respectively.

TABLE IX: Predictions for the asymptotic S state normalization AS and asymptotic D/S state ratio ⌘ at N4LO+ for the cuto↵
values of ⇤ = 400, 450, 500 and 550 MeV. The first uncertainty is statistical, the second one corresponds to the truncation
error at N4LO, the third one estimates the sensitivity to the ⇡N LECs while the last uncertainty reflects the sensitivity to
the choice of the maximum energy in the fits as explained in the text. The statistical uncertainty of AS is calculated from
the corresponding allowed variation of the �2/datum as described in section VII E 1. For ⌘, the estimations are based on the
quadratic approximation in Eq. (7.88) along with the corresponding covariance matrices.

⇤ = 400 MeV ⇤ = 450 MeV ⇤ = 500 MeV ⇤ = 550 MeV Empirical

AS (fm�1/2) 0.8847(+3)
(�3)(6)(4)(4) 0.8847(+3)

(�3)(3)(5)(1) 0.8849(+3)
(�3)(1)(7)(0) 0.8851(+3)

(�3)(3)(8)(1) 0.8846(8) [117]

⌘ 0.0255(+1)
(�1)(1)(3)(2) 0.0255(+1)

(�1)(1)(4)(1) 0.0257(+1)
(�1)(1)(5)(1) 0.0258(+1)

(�1)(1)(5)(1) 0.0256(4) [118]

by the Granada group of Ref. [92], which quotes the values of AS = 0.8829(4) fm1/2 and ⌘ = 0.02493(8) (where the
uncertainties are of the purely statistical nature). The systematics of the various error sources of AS and ⌘ with
respect to the cuto↵ variation appears to be similar to the one discussed in section VII F in the context of the e↵ective
range parameters. Notice that in spite of a significant dependence of AS and ⌘ on the values of the ⇡N LECs, it
is not possible to discriminate between the di↵erent sets given the accuracy of the empirical values (and statistical
and truncation uncertainties of our results). We do not quote the uncertainty for the remaining deuteron properties
either because they are not observable (hTkini, PD) or since our present calculations of them are incomplete (rd, Q).
Interestingly, these features are also clearly reflected in the cuto↵ variation for these quantities, which reaches ⇠ 23%
(⇠ 40%) for hTkini (PD) for ⇤ = 350� 550 MeV. For Q and rd, the cuto↵ variation is smaller and amounts to ⇠ 4%

 Description of the scattering data

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 Nijm II

neutron-proton data

0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.07

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.11

proton-proton data

0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.83

0 � 200 MeV 1.28/1.55 1.34/0.97 0.95 0.96

0 � 300 MeV 1.37/2.04 1.46/1.18 0.99 1.03

Elab bin LO NLO N
2
LO N

3
LO N

4
LO N

4
LO

+

neutron-proton scattering data

0 � 100 73 2.2 1.2 1.08 1.08 1.07
0 � 200 62 5.4 1.8 1.09 1.08 1.06
0 � 300 75 14 4.4 1.99 1.18 1.10

proton-proton scattering data

0 � 100 2300 10 2.1 0.91 0.88 0.86
0 � 200 1780 91 33 2.00 1.42 0.95
0 � 300 1380 89 38 3.42 1.67 0.99
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while the results for pp channels are:
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R=1.2 fm ! 2.2
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2 LECs + 7 + 1 IB LECs + 12 LECs + 1 LEC (np) + 4 LEC

no new 
LECs

no new 
LECs

Clear evidence of the (parameter-free) chiral 2π-exchange! 
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 Preliminary: Description of the np and pp data [Λ = 450 MeV]
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 Preliminary: Description of the np and pp data [Λ = 450 MeV]
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 Step 4: Uncertainty quantification
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np scattering observables at Elab=143 MeV 

estimated from the error 
plots Λb ~ 600 MeV

Use the explicitly calculated ΔX(i) to 
estimate the uncertainty δX(i) at order Qi:

subject to the additional constraint

easily applicable to any observable
(scattering, bound states, 3N, …)

no reliance on the cutoff variation
(not reliable)

for σtot, errors found to be consistent 
with 68% degree-of-belief intervals
Furnstahl et al., PRC 92 (2015) 024005 
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no reliance on experimental data

NLO
N2LO
N3LO
N4LO

1. Truncation error [use the algorithm of EE, Krebs, Meißner, EPJA 51 (2015) 53]
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2. Statistical uncertainties

3. Uncertainties due to πN LECs c1,2,3,4 , d1,2,3,5,14,15  and e14,17

4. Choice of Emax in the fits
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Estimated based on the results using a different set of LECs (KH PWA of πN scattering) 
see EE, Krebs, Meißner, PRL 115 (15) 122301

Uncertainty estimated at N4LO/N4LO+ by 
performing fits with Emax = 220…300 MeV

Elab bin 220 MeV 260 MeV 300 MeV

neutron-proton scattering data
0 � 100 1.07 1.07 1.08
0 � 200 1.06 1.07 1.07
0 � 300 1.10 1.06 1.06
proton-proton scattering data
0 � 100 0.86 0.86 0.87
0 � 200 0.95 0.95 0.96
0 � 300 1.00 1.00 0.98
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Step 4: Uncertainty quantification

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.
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Assume where

Quadratic approximation is employed to propagate stat. errors in observables
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see also: Carlsson et al., PRX 6 (16) 011019

N4LO+, Λ = 450 MeV
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FIG. 10: Correlations between the various LECs for the case of the N4LO+ potential with ⇤ = 450 MeV. The lower triangle
gives the correlation coe�cients in percent.

data sets to the �2. One observes that the large value of the �2/datum for the energy bin of Elab = 0 . . . 200 MeV at
N4LO is, to a considerable extent, caused by the CO(67) [102] set of di↵erential cross sections, which generates a large
contribution of [�2/datum]CO(67) = 27.88. This can be traced back to the very high precision of these experimental
data, which exceeds substantially the accuracy of our N4LO results. We emphasize that this does not indicate any
failure of the chiral EFT: indeed, as shown in the right panel of Fig. 11, the CO(67) experimental data are actually
fairly well described at N4LO if one takes into account the theoretical uncertainties at this order estimated using the



THREE-NUCLEON FORCE IN CHIRAL EFFECTIVE FIELD … PHYSICAL REVIEW C 98, 014003 (2018)

TABLE II. Low-energy constants obtained from a fit to the empirical s-, p-, and d -wave pion-nucleon phase shifts up to pLab = 200 MeV/c
using partial-wave analysis of Refs. [79,80]. Values of the LECs are given in GeV−1, GeV−2, and GeV−3 for the ci , d̄i , and ēi , respectively.

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

Fit to the GW PWA [79] −1.31 0.11 −2.54 1.85 1.43 −0.90 −0.16 −2.09 0.07 −3.44 1.65 −0.46 0.47
Statistical error 0.19 0.48 0.08 0.04 0.14 0.19 0.11 0.28 0.02 0.04 0.33 0.17 1.48

Fit to the KH PWA [80] −1.35 −0.89 −2.19 1.63 2.08 −2.13 0.45 −3.69 −0.05 −6.59 7.22 −0.35 1.88
Statistical error 0.21 0.51 0.08 0.05 0.15 0.20 0.11 0.29 0.02 0.04 0.37 0.22 1.57

KH analysis and 4.92,0.51,0.37,0.32,0.27,0.11,0.04,0.03,0.02,
0.02,0.01,0.01,0.01 for the GW analysis. One can see that the
first eigenvalue is at least two orders of magnitude larger than
any of the other eigenvalues. This indicates that fixing certain
linear combination of parameters results in very slow changes
in the χ2 even if the individual values of the LECs entering this
linear combination change significantly. This combination is
the corresponding eigenvector and is approximately equal to
−0.1c1 − 0.3c2 − 0.1ē15 + 0.9ē16 (the other constants enter
with much smaller coefficients). The coefficients are given in
natural units. We indeed observe that these four parameters
are strongly correlated and one can obtain fits comparable
with the best one with those parameters being significantly
shifted. The appearance of such a strong correlation among
the parameters reflects the fact that one cannot fully resolve
the energy dependence of the amplitude with a good accuracy
in the low-energy regime. This interpretation is confirmed by
performing a fit to higher energy, namely pLab = 200 MeV/c;
see Table II. In this case, both the statistical errors and the
correlations (including the ones among c1, c2, ē15, and ē16)
do become significantly smaller. Unfortunately, the purely
perturbative approach cannot be expected to be applicable at
such energies as the phase shifts become quite large.

Finally, it is interesting to compare the values of the LECs
with the ones obtained in the "-less approach. As already
pointed out before, one expects to find more natural values
of the LECs in the "-full theory. This is indeed the case, as
one can see from Table III, where such a comparison is carried
out for the KH fits. The situation for the GW fits is similar; see
Table I of Ref. [50]. Comparing the second and the third rows
of this table, one observes a sizable reduction in magnitude
for most of the LECs when the " is included as an explicit
degree of freedom. This raises the question of whether these
differences can be understood analytically. In the following,
we address this question by isolating the contributions of the
" to the various LECs. To this aim, we make a 1/" expansion
of the "-resonance contributions to the πN amplitude and
match the expanded expressions to the amplitude obtained in
the "-less theory up to order Q4. We decompose the various

renormalized LECs into "-less ( /") and " contributions (")
via

ci = ci( /") + ci("),
di = di( /") + di("), (4.12)
ei = ei( /") + ei(").

Expanding the ϵ1 result up to order 1/", we recover the well-
known results for the ci’s [89]

c1(") = 0, c2(") = 4 h2
A

9 "
,

c3(") = −4 h2
A

9 "
, c4(") = 2 h2

A

9 "
. (4.13)

From the 1/"2 terms of the order-ϵ1 πN amplitude, we obtain
the " contributions to the LECs d̄i given by

d1(") + d2(") = h2
A

9 "2
,

d3(") = − h2
A

9 "2
, (4.14)

d14(") − d15(") = − 2 h2
A

9 "2
.

In principle, one could also expect 1/" contributions from
the order-ϵ2 πN amplitude. However, all such terms turn out
to contribute to renormalization of hA and do not lead to
resonance saturation of di . One observes from Table I that the
" contributions explain at least a half of the size of the LECs
d1 + d2,d3, and d14 − d15, which appear to be unnaturally
large in the "-less approach; see also Ref. [78] for similar
conclusions.

To explore "-resonance saturation of the LECs ei fromL(4)
πN

which enter the order-Q4 pion-nucleon amplitude, we need to
analyze the following terms:

(1) 1/"3 contributions from ϵ1 amplitude,
(2) 1/"2 contributions from ϵ2 amplitude (these terms

vanish after renormalization of hA), and
(3) 1/" contributions from ϵ3 amplitude.

TABLE III. Low-energy constants obtained from a fit to the empirical s-, p-, and d -wave pion-nucleon phase shifts using the partial wave
analysis of Ref. [80] and the corresponding "-resonance contributions given in Eqs. (4.13)–(4.15). Values of the LECs are given in GeV−1,
GeV−2, and GeV−3 for the ci , d̄i , and ēi , respectively.

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

Q4, KH PWA [80] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26
ϵ3 + Q4, KH PWA [80] −0.85 0.45 −1.91 1.49 2.07 −2.45 0.66 −3.86 −0.12 −7.05 3.39 −0.38 2.85
" contribution 0 2.81 −2.81 1.40 2.39 −2.39 0 −4.77 1.87 −4.15 4.15 −0.17 1.32

014003-13

29.2681
0.3481
0.2025
0.1225
0.0841
0.0144
0.0025
0.0009
0.0009
0.0004
0.0004
0.0001
0.0001

Eigenvalues of the 
covariance matrix:



4.274396e-02
2.474783e-02
1.902965e-02
1.035190e-02
6.300807e-03
3.912243e-03
2.902483e-03
2.251440e-03
1.902579e-03
1.089075e-03
9.322493e-04
5.588222e-04
3.562153e-04
1.610448e-04
1.409259e-04
1.229603e-04
8.654795e-05
4.958497e-05
4.316301e-05
3.576713e-05
1.911708e-05
1.448694e-05
8.518138e-06
8.268942e-07
4.213655e-10
2.063609e-11
1.614358e-11

Eigenvalues of the covariance 
matrix 

for LECs taken in natural units 
(N4LO+, Λ = 450 MeV)
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straightforwardly extended to include other constraints in addition to Eq. (7.82). For the case at hand, the allowed
variation of the LECs c is further restricted to exactly reproduce the deuteron binding energy and the np coherent
scattering length starting from N3LO. In our analysis, we have directly implemented Eq. (7.83) as a constrained
optimization problem and applied it to calculate the statistical uncertainty for selected observables. Notice that in
such an optimization procedure, which explores variations of �2 away from the optimal solution, the set of data sets
with floated norm must be fixed according to its determination at the �2 minimum. While it, by itself, makes little
sense to apply the decision criterion for floating the data based on a non-optimal solution, additional floating would
also introduce discontinuities in the �2 hypersurface and can lead to �2 values lower than the previously determined
minimum, a feature we certainly want to avoid in our error analysis.

While the approach for estimating the statistical uncertainty outlined above is quite general, it requires performing
additional fits for every quantity of interest. Consequently, it is usually too expensive to be employed in practical
calculations, especially when carrying out error analysis beyond the two-nucleon system. We will, therefore, use a
more convenient approach to propagating the statistical uncertainties based on the covariance matrix throughout our
analysis except for the few cases, where this approach is expected to be inaccurate and where we will resort to the
general method described at the beginning of this section. This also allows us to easily assess the amount of linear
correlations between the LECs. We emphasize that many of the results discussed below are, strictly speaking, only
valid for model functions (in our case observables), which depend linearly on the parameters. For nonlinear fits like the
ones we perform, several assumptions have to be made. First, we assume that the �2 function can be approximated
around the minimum c = cmin via

�2(c) ⇡ �2

min
+

1

2
(c� cmin)

TH(c� cmin) , (7.84)

where c is the vector of the LECs while H denotes the Hessian of �2 at the minimum, i.e. Hij = @
2
�
2

@ci@cj

��
c=cmin

. The

parameters c are assumed to follow a multivariate Gaussian probability distribution

p(c, cmin,⌃) =
1p

(2⇡)n det(⌃)
exp


�
1

2
(c� cmin)

T ⌃�1 (c� cmin)

�
(7.85)

in the vicinity of the minimum, where the covariance matrix ⌃ is given by:

⌃ = 2
�2

Ndof

H�1. (7.86)

This relation (modulo the �2/Ndof factor) can be easily obtained by inserting the quadratic approximation (7.84)
into the Likelihood function L / exp

�
��2/2

�
and by matching the resulting expression to Eq. (7.85). The additional

factor of �2/Ndof is related to a rescaling of �2 with the Birge-factor as discussed above. In our fits, the deuteron
binding energy and the value of the coherent np scattering length are adjusted via constrained optimization techniques,
which cannot be included in the estimation of the covariance matrix in a straightforward way. Instead, we employ an
augmented �2-function, where we have added two quadratic penalty terms for the deuteron binding energy Bd and
the np coherent scattering length bnp

�2

aug
= �2

data
+

✓
Bd �Bexp

d

�Bd

◆2

+

✓
bnp � bexp

np

�bnp

◆2

, (7.87)

with �Bd = 5 ⇥ 10�5 MeV and �bnp = 9 ⇥ 10�4 fm. Hence, we have relaxed the constraints to the additional
data points. The augmented �2 in Eq. (7.87) does not have exactly the same location of the minimum as the �2

in the constrained problem, and, consequently, we have to readjust the LECs to be at the minimum of �2
aug

before
we can estimate the covariance matrix from its Hessian. The changes in the LECs and observables compared to
our constrained fits are very small and well within the statistical uncertainties, but the additional fits of �2

aug
are,

nonetheless, rather time-consuming due to the slow convergence as already mentioned in Sec. VIC. The resulting
values of the LECs are only used for the calculation of the covariance matrix. The statistical errors �i =

p
⌃ii and

correlation coe�cients Corr(ci, cj) = ⌃ij/
p

⌃ii⌃jj of the LECs given in Sec. VIIB are then easily obtained from the
covariance matrix.

When calculating observables, propagation of statistical uncertainties can be carried out in a general way by Monte
Carlo sampling of the assumed multivariate Gaussian distribution of the LECs in the vicinity of the minimum. We
avoid the costly sampling by expanding an observable of interest O in powers of c� cmin. While it is common to use
just a linear expansion, it was argued in [10] that some observables need to be expanded quadratically in c� cmin,

O(c) = O(cmin) + JO(c� cmin) +
1

2
(c� cmin)

THO(c� cmin), (7.88)
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Assuming Λb = 600 MeV [EE, Krebs, Meißner EPJA 51 (15) 53; Furnstahl, Klco, Phillips, Wesolowski, PRC 92 

(15) 024005], all LECs come out of a natural size.
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⌘
(26)

�X = max

⇣
�

NPWA
X

, |�NijmI
X

� �NPWA
X

|, |�NijmII
X

� �NPWA
X

|, |�Reid93
X

� �NPWA
X

|

⌘
, (27)

Q = max

 
p

⇤b

,
M⇡

⇤b

!

(28)

Z 1

0
dr

h
u2

(r) + w2
(r)

i
= 1 (29)

u(r)
r!1
�! ASe

��r
; (30)

w(r)
r!1
�! ADe��r


1 +

3

�r
+

3

(�r)2

�
; ⌘ =

AD

AS

(31)

Qd =
1

20

Z 1

0
drr2w(r)

hp
8u(r) � w(r)

i
(32)

rd =
1

2

✓ Z 1

0
drr2

h
u2

(r) + w2
(r)

i◆1/2

(33)

PD =

Z 1

0
drw2

(r) (34)

����1 �
cot �Ri(k)

cot �Rj(k)

���� (35)

|C̃i| ⇠
4⇡

F 2
⇡

, |Ci| ⇠
4⇡

F 2
⇡
⇤2

b

, |Di| ⇠
4⇡

F 2
⇡
⇤4

b

, |Ei| ⇠
4⇡

F 2
⇡
⇤6

b

,

N4LO (!!!!) results
N4LO+ (!!!!) results
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Assuming Λb = 600 MeV [EE, Krebs, Meißner EPJA 51 (15) 53; Furnstahl, Klco, Phillips, Wesolowski, PRC 92 

(15) 024005], all LECs come out of a natural size.

signals that Λb gets affected by 
the too soft choice of Λ…




