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Y. Volkotrub V. Soloviov A. Grassi

1 XI 2018

Jagiellonian University, Department of Nuclear Systems Theory



NTSE-2018, Daejeon, Korea

1 TRADITIONAL APPROACH

2 3D APPROACH

3 CURRENT STATE OF 3D CALCULATIONS

4 RESULTS FOR 3N BOUND STATE

5 SUMMARY AND OUTLOOK



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL

Work in a finite sized basis of - angular momentum, spin,
isospin eigenstates

QM operators can be represented using matrices with finite
size . . .
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TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL

X̌ some 2N operator (ˇdenotes operators) eg.: 2N potential
(V̌ ), 2N transition operator (for given energy ť(E )), free
propagator (for a given energy G0(E )), . . .

Each � in subspace with given orbital angular momentum l ,
spin s and total angular momentum j

Different momentum magnitude states, and different
projections of total angular momentum
〈|p′|(l ′s ′)j ′mj ′ | . . . | |p|(ls)jmj〉
Impose pairity, time reversal and rotational symmetry ...
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propagator (for a given energy G0(E )), . . .

Each � in subspace with given orbital angular momentum l ,
spin s and total angular momentum j

Different momentum magnitude states, and different
projections of total angular momentum
〈|p′|(l ′s ′)j ′mj ′ | . . . | |p|(ls)jmj〉
Impose pairity, time reversal and rotational symmetry ...



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL
|

(0
0

)0
〉

|
(1

1
)0
〉

|
(0

1
)1
〉

|
(1

0
)1
〉

|
(1

1
)1
〉

|
(2

1
)1
〉

|
(1

1
)2
〉

|
(2

0
)2
〉

|
(2

1
)2
〉

|
(3

1
)2
〉

|
(2

1
)3
〉

|
(3

0
)3
〉

|
(3

1
)3
〉

|
(4

1
)3
〉

· · ·

[
X̌
]

=



� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
� � � � � � � � � � � � � � · · ·
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .



| (00)0〉
| (11)0〉
| (01)1〉
| (10)1〉
| (11)1〉
| (21)1〉
| (11)2〉
| (20)2〉
| (21)2〉
| (31)2〉
| (21)3〉
| (30)3〉
| (31)3〉
| (41)3〉

.

.

.



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL
|

(0
0

)0
〉

|
(1

1
)0
〉

|
(0

1
)1
〉

|
(1

0
)1
〉

|
(1

1
)1
〉

|
(2

1
)1
〉

|
(1

1
)2
〉

|
(2

0
)2
〉

|
(2

1
)2
〉

|
(3

1
)2
〉

|
(2

1
)3
〉

|
(3

0
)3
〉

|
(3

1
)3
〉

|
(4

1
)3
〉

· · ·

[
X̌
]

=



� � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·

� � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·

� � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·

� � � � · · ·
� � � � � � � � � � · · ·
� � � � � � � � � � · · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .



| (00)0〉
| (11)0〉
| (01)1〉
| (10)1〉
| (11)1〉
| (21)1〉
| (11)2〉
| (20)2〉
| (21)2〉
| (31)2〉
| (21)3〉
| (30)3〉
| (31)3〉
| (41)3〉

.

.

.



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL
|

(0
0

)0
〉

|
(1

1
)0
〉

|
(0

1
)1
〉

|
(1

0
)1
〉

|
(1

1
)1
〉

|
(2

1
)1
〉

|
(1

1
)2
〉

|
(2

0
)2
〉

|
(2

1
)2
〉

|
(3

1
)2
〉

|
(2

1
)3
〉

|
(3

0
)3
〉

|
(3

1
)3
〉

|
(4

1
)3
〉

· · ·

[
X̌
]

=



� · · ·
� · · ·

� � � · · ·
� · · ·

� � � · · ·
� � � · · ·

� � � · · ·
� · · ·

� � � · · ·
� � � · · ·

� � � · · ·
� · · ·

� � � · · ·
� � � · · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .



| (00)0〉
| (11)0〉
| (01)1〉
| (10)1〉
| (11)1〉
| (21)1〉
| (11)2〉
| (20)2〉
| (21)2〉
| (31)2〉
| (21)3〉
| (30)3〉
| (31)3〉
| (41)3〉

.

.

.



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL
|

(0
0

)0
〉

|
(1

1
)0
〉

|
(0

1
)1
〉

|
(1

0
)1
〉

|
(1

1
)1
〉

|
(2

1
)1
〉

|
(1

1
)2
〉

|
(2

0
)2
〉

|
(2

1
)2
〉

|
(3

1
)2
〉

|
(2

1
)3
〉

|
(3

0
)3
〉

|
(3

1
)3
〉

|
(4

1
)3
〉

· · ·

[
X̌
]

=



� · · ·
� · · ·

� � · · ·
� · · ·

� · · ·
� � · · ·

� � · · ·
� · · ·

� · · ·
� � · · ·

� � · · ·
� · · ·

� · · ·
� � · · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .



| (00)0〉
| (11)0〉
| (01)1〉
| (10)1〉
| (11)1〉
| (21)1〉
| (11)2〉
| (20)2〉
| (21)2〉
| (31)2〉
| (21)3〉
| (30)3〉
| (31)3〉
| (41)3〉

.

.

.



NTSE-2018, Daejeon, Korea

TRADITIONAL APPROACH

PW CALCULATIONS - IN A NUTSHELL

Turn Schrödinger, Lippmann - Schwinger, Faddeev,
. . . equations to matrix equations

Solve equations (eg. LAPACK)
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TRADITIONAL APPROACH

PW CALCULATIONS - CONS

Different coupling schemes for three, four, . . . particles

Implementation requires heavily oscilating functions

Ym
l (θ, φ) =

√
2l + 1

4π

(l − m)!

(l + m)!
Pm
l (cos θ)e imφ
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Calculations need to include many partial waves in order to
acheve convergence

High energies
Long range interactions (Coulomb!)
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3D APPROACH

3D CALCULATIONS - IN A NUTSHELL

Example: the 2N transition operator ť.

Assume we are working in momentum space with
p′ = (p′x , p

′
y , p
′
z) being the final and p = (px , py , pz) being the

initial momentum of the two nucleons.

Solve the LSE: ť = V̌ + V̌ Ǧ0ť



NTSE-2018, Daejeon, Korea

3D APPROACH

3D CALCULATIONS - IN A NUTSHELL

Example: the 2N transition operator ť.
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3D APPROACH

3D CALCULATIONS - IN A NUTSHELL

Ignoring isospin: [
〈p′ | ť | p〉

]
=

t11(p′x , p
′
y , p
′
z , px , py , pz) t12(. . .) t13(. . .) t14(. . .)

t21(. . .) t22(. . .) t23(. . .) t24(. . .)
t31(. . .) t32(. . .) t33(. . .) t34(. . .)
t41(. . .) t42(. . .) t43(. . .) t44(. . .)


V̌ , Ǧ0 in a similar form (Ǧ0 - diagonal)

Very wastefull - we need to calculate 16 functions
tij(p

′
x , p
′
y , p
′
z , px , py , pz) of 6 real parameters that satisfy the

LSE
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tij(p

′
x , p
′
y , p
′
z , px , py , pz) of 6 real parameters that satisfy the

LSE
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3D APPROACH

3D CALCULATIONS - IN A NUTSHELL

The matrix element in momentum space that satisfies
appropriate symmetries (parity inversion, time reversal,
particle exchange) can be written [Phys. Rev. 96 1654 (1954)] as a linear
combination of 6 scalar functions ti and spin operators [wi ]:

[
〈p′ | ť | p〉

]
=

6∑
i=1

ti (|p′|, |p|, p̂′ · p̂) [w̌i (p,p)]

Instead of calculating 16 functions of 6 real variables we now
only need to calculate 6 functions of 3 variables
ti (|p′|, |p|, p̂′ · p̂)

Less numerical work → a practical numerical implementation
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〈p′ | ť | p〉

]
=

6∑
i=1

ti (|p′|, |p|, p̂′ · p̂) [w̌i (p,p)]

Instead of calculating 16 functions of 6 real variables we now
only need to calculate 6 functions of 3 variables
ti (|p′|, |p|, p̂′ · p̂)

Less numerical work → a practical numerical implementation



NTSE-2018, Daejeon, Korea

3D APPROACH

3D CALCULATIONS - IN A NUTSHELL

The matrix element in momentum space that satisfies
appropriate symmetries (parity inversion, time reversal,
particle exchange) can be written [Phys. Rev. 96 1654 (1954)] as a linear
combination of 6 scalar functions ti and spin operators [wi ]:

[
〈p′ | ť | p〉
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3D CALCULATIONS - PROS

No need to perform the PWD of operators

No need to implement Legendre polynomials

Calculations at higher energies
Calculations with long range potentials
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3D APPROACH

3D CALCULATIONS - CONS

Heavy numerical calculations (smaller if we use operator
forms)
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CURRENT STATE OF 3D CALCULATIONS

2N CALCULATIONS

Systems:

Deuteron [Golak J. et al. Phys. Rev. C 81, 034006 (2010)]

Two nucleon transition operator [Golak J. et al. Phys. Rev. C 81, 034006

(2010)] [Elster Ch. et al. Few Body Syst. 24, 55 (1998)]

Electro-weak processes [Golak J. et al Phys. Rev. C 90, 024001 (2014)] [Topolnicki

K. et al. Few-Body Syst 54: 2233 (2013)]

Available potentials:

Semi - phenomenological nucleon - nucleon interactions eg.
[Wiringa R. B. et al. Phys. Rev. C 51:38 (1995)] [Machleidt R. Phys. Rev. C 63:024001 (2001)]

Nucleon - nucleon forces derived from ChEFT eg. [Epelbaum E. et al.

Eur. Phys. J. A 19:125 (2004)] [Epelbaum E. et al. Nucl. Phys. A 747:362 (2005)]
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CURRENT STATE OF 3D CALCULATIONS

3N CALCULATIONS

Systems:
3H [Golak J. et al. Few-Body Syst 54:2427 (2013)] [Elster Ch. et al. Few-Body Syst 27:83

(1999)]

Use operator form of the three nucleon bound state [Fachruddin I.,

et al. Phys. Rev. C 69:064002 (2004)]

3He
General form of the non-local three nucleon potential [Topolnicki

K. Eur. Phys. J. A 53:181 (2017)]

Potential represented as linear combination of 320 operators
and scalar functions . . .
Instead use a new method of carrying out numerical
integrations [Topolnicki K. https://arxiv.org/abs/1810.07436v2]

N-d scattering
Using the first order terms of the Faddeev equations [Topolnicki

K., et al. Eur. Phys. J. A 51:132 (2015)]

Operator form of the three nucleon scattering amplitude
[Topolnicki K., et al. Phys. Rev. C 96, 014611 (2017)]

https://arxiv.org/abs/1810.07436v2
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CURRENT STATE OF 3D CALCULATIONS

3N CALCULATIONS

Available potentials:

2N forces including screened Coulomb interactions for 3He eg.
[Rodriguez-Gellardo M., et al. Eur. Phys. J A 42:601 (2009)]

Semi - phenomenological models of the 3N force eg. [S.A. Coon et

al. Nucl. Phys. A 317:242 (1979)]

3N forces derived from ChEFT eg. [Bernard V., et al. Phys. Rev. C 84:054001

(2011)]
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RESULTS FOR 3N BOUND STATE

3H, 3He - FADDEEV EQUATION

Ingredients: bound state energy E ; free propagator Ǧ0(E) ; V̌ two nucleon potential between

particles 2, 3 ; V̌ (1) three nucleon potential symmetric with respect to the exchange of particles 2, 3 ;

particle exchange operator Pij .

Faddeev component of the 3N bound state:

| ψ〉 = Ǧ0(E )
(
V̌ + V̌ (1)

) (
1 + P̌12P̌23 + P̌13P̌23

)
| ψ〉

Full bound state wave function:

| Ψ〉 =
(
1 + P̌12P̌23 + P̌13P̌23

)
| ψ〉
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RESULTS FOR 3N BOUND STATE

OPERATOR FORM OF 3N STATE

Ingredients: Jacobi momenta p , q ; two particle subsystem isospin t ; total isospin T ; total

isospin projection MT ; given operators in the spin space of the 3N system Ǒi ; spin state

χm =| (1 1
2

) 1
2
m〉

The operator form of the three nucleon state [Fachruddin I. et al. Phys.

Rev. C 69:064002 (2004)]:

〈pq; (t
1

2
)TMT | ψ〉 =

∑
tT

8∑
i=1

ψ
(i)
tT (p, q, p̂ · q̂) Ǒi (p,q) | χm〉

can be used to transform the Faddeev equation into a set of
coupled linear equations for the scalar functions

ψ
(i)
tT (p, q, p̂ · q̂)
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χm =| (1 1
2

) 1
2
m〉

The operator form of the three nucleon state [Fachruddin I. et al. Phys.

Rev. C 69:064002 (2004)]:

〈pq; (t
1

2
)TMT | ψ〉 =

∑
tT

8∑
i=1

ψ
(i)
tT (p, q, p̂ · q̂) Ǒi (p,q) | χm〉
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RESULTS FOR 3N BOUND STATE

PRACTICAL REALIZATION

Ingredients: scalar functions that define the 3N state φ ∈ span({φtT
i (p, q, p̂ · q̂)}); energy

dependent operator Ǎ(E)

The transformation:

| ψ〉 = Ǧ0(E )
(
V̌ + V̌ (1)

) (
1̌ + P̌12P̌23 + P̌13P̌23

)
| ψ〉 ≡

≡ Ǧ0(E )
(
V̌ + V̌ (1)

) (
1̌ + P̌

)
| ψ〉

↓

ψ = Ǎ(E )ψ
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RESULTS FOR 3N BOUND STATE

PRACTICAL REALIZATION

Actually solve Ǎ(E )ψ = λψ, try various energies, search for
λ = 1

Use Arnoldi algorithm

Solve in Krylov subspace:

span(φ0, Ǎφ0, Ǎ
2φ, . . . , ǍN−1φ0)

Initially: φ
(i)
0,tT (p, q, p̂ · q̂) = ±φ(i)

0,tT (p, q,−p̂ · q̂)

The algorithm requires the implementation of Ǎ and scalar
product between scalar functions
End result: N × N matrix representation of Ǎ, N ≈ 80
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product between scalar functions
End result: N × N matrix representation of Ǎ, N ≈ 80
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Actually solve Ǎ(E )ψ = λψ, try various energies, search for
λ = 1

Use Arnoldi algorithm

Solve in Krylov subspace:

span(φ0, Ǎφ0, Ǎ
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3H
Ǎ(E ) =

(
ǍǦ0V̌

(E ) + ǍǦ0V (1)(E )
)
Ǎ1̌+P̌

For 3He the 2N potential can be split into the strong and
longer ranged part: V̌ = V̌NN + V̌C

Dependence on the screening radius in V̌C (R)
3He

Ǎ(E ) = Ǎ(E ,R) =

=
(
ǍǦ0V̌NN
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ǍǦ0V̌NN

(E ) + ǍǦ0V̌C
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SOLUTION VERIFICATION

Faddeev component | ψ〉:
ψ - a solution of Ǎψ = λψ with λ ≈ 1
β - a single application of β = Ǎψ

ψ
?
= β - all plots contain both β and ψ

Bound state | Ψ〉:
Ψ - obtained using Ψ = Ǎ1̌+P̌ψ

ζ - single application ζ = Ǎ1̌+P̌Ψ
1
3ζ

?
= Ψ since

(
1̌ + P̌

) (
1̌ + P̌

)
= 3

(
1̌ + P̌
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ψ - a solution of Ǎψ = λψ with λ ≈ 1
β - a single application of β = Ǎψ
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ζ - single application ζ = Ǎ1̌+P̌Ψ
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Calculations have to be repeated many times for different
energies

Many fold integrals

Reuse of already computed integrals
Novel method of performing the integrals
Calculations still require significant computing resources (JSC
Jülich)
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3He FADDEEV COMPONENT

Solid markers: ψ(1)(p = 0.15[fm−1], q, p̂ · q̂ = −0.88) as a
function of q

Empty markers: β(1)(p = 0.15[fm−1], q, p̂ · q̂ = −0.88) as a
function of q

Correct solution implies ψ = β

Squares, circles, diamonds correspond to t = 0,T = 1
2 ;

t = 1,T = 1
2 ; t = 1,T = 3

2

Screening radius: 10[fm]

Bound state energy: −7.72654[MeV]
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3He BOUND STATE

Solid markers: Ψ(6)(p = 0.03[fm−1], q, p̂ · q̂ = −0.88) as a
function of q

Empty markers: 1
3ζ

(6)(p = 0.03[fm−1], q, p̂ · q̂ = −0.88) as a
function of q

Correct solution implies Ψ = 1
3ζ

Squares, circles, diamonds correspond to t = 0,T = 1
2 ;

t = 1,T = 1
2 ; t = 1,T = 3

2

Screening radius: 10[fm]

Bound state energy: −7.72654[MeV]
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3H BETA DECAY

Ingrediants: k′
i , k i - momentum of particle i in the final and initial state, τ̌+

i - isospin raising

operator, σ̌(i) - vector of spin operators.

Simple models of 1N currents eg.: 〈k ′i | ǰGTz | k i 〉 = τ̌+
i σ̌(i)z

〈k ′1k ′2k ′3 | ǰ(1) | k1k2k3〉 ∝ δ(k ′2 − k2)δ(k ′3 − k3) leads to
simple expressions

MELs:

〈3Hemf = −1

2
| ǰGTz |3 Hmi = −1

2
〉 = 0.310749

〈3Hemf =
1

2
| ǰGTz |3 Hmi =

1

2
〉 = −0.310749
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SUMMARY AND OUTLOOK

3D calculations for 3He are possible !

More grid points, more precision for newer models of forces

Easy to calculate matrix elements between 3H and 3He - beta
decay

3N scattering using the operator form of the 3N scattering
amplitude
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